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PREFACE

The development of optical spectrometers in the first half of the nineteenth
century allowed scientists to examine the abundant optical spectra emitted by
matter, from the Sun’s dark Fraunhofer lines, to the colours of flames, and
later, to the rich sharp-line spectra of atomic gas discharges. With the
invention of the diffraction grating the emission spectra of molecular dis-
charges were found to be composed of complex series of sharp lines, and
additional fine structure was observed in the emission spectra of the elements.
Spectroscopists of the time recorded these myriad spectra in considerable
detail although there were no adequate theoretical explanations for them.
Bohr’s early and very simple quantum model of the hydrogen atom, which
gave such good agreement with measurement, gave clear indications that the
optical spectra of the atomic gases were a fundamental manifestation of their
quantum nature and atomic spectroscopy became the experimental proving-
ground for developments in, and understanding of, quantum mechanics.
Optical spectroscopy of condensed matter presented a more daunting chal-
lenge, requiring in addition an understanding of the structure of solids, perfect
and imperfect, of the behaviour of electrons in solids, and of the nature of
elementary excitations in solids. One of the attractions of the study of this
spectroscopy is the insight it affords us into fundamental solid state processes.
Being also an area of major technological interest ensures a good measure of
research support. Thus it attracts creative research workers and continues to
be a dynamic field of scientific enquiry.

We have written this book with the postgraduate student and beginning
experimental research worker in mind in the hope that it will serve as an
introduction to the art of solid state optical spectroscopy. To an extent it
reflects our experiences in teaching this type of material to undergraduate
and postgraduate students in Dublin, Galway, and Glasgow these past
two decades. It attempts to present the theoretical basis of the subject and
then to illustrate the various topics with relevant experimental data. In the
theoretical discussions we have consciously chosen simple models, and
elementary, if sometimes inelegant, mathematical methods, cognizant of the
need of laboratory research workers to relate theoretical models and their
predictions to experimental measurements.

Chapter 1 is a brief overview of the field. Chapters 2 to 5 form the
theoretical base for the topics developed in later chapters. In Chapter 2 we
begin to set down the quantum basis for the description of atoms, ions, and
defect centres in solids. In the latter cases only the simplest models are
described in order to emphasize the diagnostic aspects of defect structure
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analysis. Considerations of symmetry are an important aspect of a
spectroscopist’s skills; such considerations are formalized in the theory of
groups. Chapter 3 presents the elements of point group theory, with
particular emphasis on the symmetry properties of electronic centres in solids.
Electromagnetic radiation and its interaction with electronic centres form the
topics of Chapter 4. Lattice vibrations can strongly affect the spectroscopic
properties of the optically-active centres in solids. The various spectroscopic
manifestations of the electron—lattice interaction are described in Chapter 5,
with particular use being made of the single configurational coordinate
model. The remaining chapters are concerned with experimental aspects of
solid state spectroscopy. Chapter 6 discusses the physical basis of the
commonly-used experimental techniques. Chapters 7, 8, and 9 are
concerned with the applications of these techniques to the spectroscopic
properties of colour centres, dopant rare earth ions, and dopant transition
metal ions in solids, respectively. When the concentration of optically-active
centres is sufficiently high, excitation can be transferred non-radiatively
between adjacent centres. In addition, more complex aggregate centres
are formed with distinct spectroscopic properties. These are the topics of
Chapter 10. The optical processes operating in solid state lasers based on these
optically-active materials are described in Chapter 11. Chapter 12 describes
the method of optical detection of magnetic resonance (ODMR) and discusses
in particular the application of this technique to the elucidation of the optical
properties of insulating and semiconducting materials. The topics we have
chosen constitute but a subset of the field of solid state optical spectroscopy.
They reflect our own interests and experiences. We have concentrated on the
area of inorganic insulating solids; in the field of semiconductor luminescence
we have limited our discussion to studies involving the application of ODMR
techniques.

In a book of this nature we are only able to reference a limited number of
original publications, and we are conscious that this does not do justice to
many of the workers who have contributed to the present understanding of
the subject. Similarly, we selected from the great wealth of available spectro-
scopic information only a limited number of examples to illustrate the topics
under discussion. We wish to express our appreciation to the authors who have
allowed us to make use of measurements and figures from their publications.
The permission of the editors of these publications is also appreciated. We
especially wish to express our gratitude to Professors Sugano, Tanabe, and
Kamimura for allowing us to use numerous tables from their book Multiplets
of Transition Metal Ions in Crystals (Academic Press, New York and London
1970).

Several of our friends have read and made detailed comments on various
chapters; to Max Glasbeek, Yves Merle d’Aubigné, Sara McMurry, Kevin
O’Donnell, Marshall Stoneham, and Mitsuo Yamaga we are greatly indebted.
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For their labour in preparing many typescripts we are also indebted to Mai
Kyne, Nora Kelso, Lee Guckian, and especially Joanna Calder; and we
acknowledge with thanks the support and patience of the editors of Oxford
University Press.

Strathclyde and Galway B. H.
1988 - GF. L
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1

Spectroscopy and electronic structure of
inorganic solids

1.1 Historical comments

THE optical properties of solids have been of scientific and technological
interest for over three centuries, and made use of for decorative purposes from
the times of the earliest civilizations. Early cave artists produced pictures of
their times and lifestyles, in which spectacular colour variations were achieved
by intimate mixtures of different, naturally-occurring, inorganic pigments.
Good examples of inorganic pigments are mercuric sulphide (a brilliant
scarlet usually called vermilion), the beautiful green chromic oxide, and the
bright blue cobaltous oxide. Pottery was coloured by burning such pigments
into the surface; glasses were tinted by the addition of coloured metal oxides
to the melt. Naturally our unsophisticated forebears could not explain the
colours they saw, nor the absence of such colours in the dark. Today most
people realize that colour has to do with what happens when light falls on
matter, as is readily appreciated when the colours of objects in a well-
darkened room are revealed under the illumination of a beam of white light. A
little more thought (or persuasion) convinces one that the perceived color-
ation is due to colour subtraction; i.e. the colour observed is the complementary
colour to that absorbed from white light by the solid. Our understanding of
the colour in our everyday environment derives from Newton’s observation
that sunlight contains all the colours of the rainbow with wavelengths ranging
over the visible spectrum (approximately 400-700 nm).

Newton’s impact on the study of optics was profound. Both prior to and
subsequent to his era, continuing up to the present day, scientists have studied
the interaction of light with condensed matter for the information it gives
concerning the nature of light. Indeed this remained a dominant interest of
many physical scientists until the beginning of the twentieth century. Meas-
urements were made of the ability of matter to reflect, refract, and polarize
light. Newton measured the variation of the index of refraction, n, with
wavelength, A, which leads to dispersion. Although his corpuscular theory
provided an explanation of the laws of reflection and refraction it failed to
account for the phenomena of polarization, interference, and diffraction.
Young was one of the principal proponents of the wave theory, which was used
both to explain the coloured fringes of Newton’s rings and the interference
pattern of the celebrated double-slit experiment. However, detailed inter-
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pretation of these phenomena awaited Fresnel’s developments in wave theory,
in particular the use of transverse waves required to explain double and
conical refraction (see Preston 1895). The nature of the transverse waves was
not understood, however, and they were thought to be the vibrations of an
elastic aether. Evidently there were problems with both corpuscular and wave
theories. Thus it was almost from the very beginning that human ingenuity
failed to produce in a single model an explanation of both the particle-like and
wave-like properties of radiation. Since the direction of Fresnel’s transverse
oscillations is the direction of the electric field in Maxwell’s electromagnetic
theory (1865, 1873), the elementary charged constituents of matter are set into
oscillation transverse to the direction of propagation of the light beam.
Maxwell’s theory paved the way for the classical resonance models of Lorentz
(1909) and Drude (1902), which accounted for anomalous dispersion and for
the spectral variation of the refractive index. The quantitative interdepen-
dence of the refractive index and the dielectric constant may also be derived
from Maxwell’s theory. Coincident with developments from this, measure-
ments were made of the optical spectra of different atoms, and of the Zeeman
and Stark effects. We now perceive the gradually changing emphasis of optical
research towards the use of radiation to probe the electronic structure of
matter, which in due course provided the impetus and the testing ground for
the development of the quantum theory of atomic structure.

During the present century there have been many significant developments
in optical spectroscopy, fuelled perhaps in equal measure by theoretical and
instrumental innovation. Einstein (1905) had introduced the photon, the
quantum of radiant energy—a particle of zero mass travelling with the speed
of light—in a short section of a (now) celebrated paper explaining the
photoelectric effect. In so doing he re-awakened the controversy of
particle-wave duality, which had lain dormant since Fresnel’s times. It is a
controversy which thrives to this day although in a somewhat different
formalism (Pike and Sarkar 1986). Following on from Bohr’s theory of the
hydrogen atom, physicists began the serious quest for a quantum theory to
describe the more complex atoms. The seminal idea of de Broglie that matter -
has wave-like properties provided the impetus for Schrodinger’s wave mech-
anics, laying the foundation of the modern quantum theory of atomic
processes. One of the first applications was to the calculation of the energy
levels of atoms and the strength of spectroscopic transitions. This led
to a quantitative description of the mechanisms of optical absorption and
emission. Extension of spectroscopy into the realms of molecular and solid
state physics more or less coincided with the first application of quantum
ideas in these areas (e.g. Born and Oppenheimer 1927; Heitler and London
1927; Pauling 1939, 1967; Slater 1930; Van Vleck 1932). Of course the
coloration of minerals and of gemstones was of practical interest long before
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this. Indeed, absorption bands in diamond, ruby, and blue fluorspar had been
known since the eighteenth century, although the atomic mechanisms respon-
sible remained a mystery until relatively recently. Before these mechanisms
and other atomic processes in solids could be described quantum mechan-
ically, the symmetry properties of the solid system had to be taken into
account. In 1929 Bethe published a classic paper on crystal field theory,
treating the electrostatic field of the host lattice as a static perturbation on the
spectral terms of free ions, and then classifying the new levels as represen-
tations of the symmetry group of the crystal field. Extensions of Bethe’s theory
provide the theoretical basis for most transition metal and rare-earth ion
spectroscopy (Sugano et al. 1970; Judd 1963). In its present form, solid state
spectroscopy is an intimate mélange of quantum mechanics, group theory,
spectroscopic measurement, and experimental innovation. Before we embark
on detailed exposition of these subjects there are a number of basic concepts
which it may be helpful to discuss, and these are the topics which concern us,
briefly, in the remainder of this chapter. However, the emphasis of this book is
on spectroscopy, albeit as applied to problems in solid state physics. With one
exception, i.e. lattice vibrations, only a rather cursory account is given of the
more general aspects of solid state physics.

1.2 The classical optical constants

For the most part this text is concerned with spectroscopy in the wavelength
range 2003000 nm. Such wavelengths are much greater than the spacings
between atoms in solids. In consequence, radiation propagating in solids may
be treated classically while the solid is viewed as a continuous medium. The
response of the solid is then described in terms of macroscopic fields, which
are averages of the rapidly varying atomic fields over volumes large on the
atomic scale but small on the scale of optical wavelengths. Furthermore, if the
solid behaves isotropically the dielectric constant (x), relative magnetic
permeability (u,) and electrical conductivity (o) are related linearly to the
induced polarization (P), magnetization (M) and current density, J, by

P=¢yxk—1)E,
M=(u,—1)H, (1.1)
J=oE.

The responses may also be related to atomic properties. For example, the
macroscopic polarization may be related to the atomic polarization (a,,) by

P=N“al<Eloc> (12)



4 Spectroscopy and Electronic Structure

where the local (microscopic) electric field E,,, differs from the total macro-
scopic field E. Such linear relationships, applicable at low radiation in-
tensities, must be modified at the high intensities available from high-powered
lasers.

Solids may contain both free and bound charges which will oscillate at the
frequency of an applied radiation field. Both types of charge contribute to the
polarization of the material. However, since metals are not the concern of this
text we consider only the effects of the applied field on the bound charge. In
this case Maxwell’s fourth equation for non-magnetic materials reads

OE
Vx H=¢gyk— .
X Lok — (1.3)

where « is the dielectric constant, which may be determined from some
assumed model of the solid. If the assumed time dependence of the radiation
field has the form exp(iwt) then the dielectric constant is complex and we write

K=K, —IiK, (1.4)

where «, and k, are real quantities. We may then use Maxwell’s equations to
relate k to more directly measured quantities such as the real refractive index,
n, reflectivity, R, and the absorption coefficient, «. For example, the refractive
index, given by \/ K, is now a complex number, n—ik, in which both n and k
are real, k being the extinction coefficient. From this we obtain

n?—k?=x,, (1.5)
2nk =1k,. (1.6)

The electric field, E(r, t) of a plane wave propagating through a solid along the
z-direction with frequency o is

E(r, t)= E, exp(— wkz/c)expiw(t —nz/c). (1.7)

The term in exp(— wkz/c) represents the exponential damping of the wave as it
penetrates the solid, in which the extinction coefficient, k, is related to the
absorption coefficient o by a=2(w/c)k. The boundary conditions at the
surface of the solid determine the reflectivity, R, which is given by

_(1—n?+k?

T (42 +k? (1.8)

at normal incidence. The so-called optical constants n, k, and R are defined
classically in terms of the electrical properties. In consequence, there is no
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Table 1.1
Spectral variation of optical properties of solids
Solid — Metal Semiconductor Insulator
Wavelength (e.g. Al) (e.g. Si) (e.g. Si0O,)
range
Ultraviolet R~0-92% R~40-60% Onset of fundamental
A2~50-300 nm Large o electronic absorption
Visible, near R~92-95% Partially Transparent
infrared reflecting and
300-3000 nm absorbing
4>10000 nm R~100% Transparent Reststrahlen region,
high absorption and
reflection

contribution from the atomic structure of the solid. And yet, as Table 1.1
shows, the spectral variations of these constants depend markedly on the
predominant type of bonding forces in the solids. As we will see shortly,
measurement of the frequency dependences of the optical constants reflects
the quantum structure of the solid.

1.2.1 Resonance models for the optical constants

Atomistic models of the optical properties of solids require some knowledge
of the interatomic bonding and of whether or not electrons and ions are free or
bound to a fixed site in the solid. In metals the conduction electrons are ‘free’
to migrate through the material, whereas in ionic solids the valence electrons
are bound to the electronegative ions. Semiconductors have both free and
bound charges. In consequence, the most general model of the interaction of
radiation with solids requires the solution of a differential equation for a
forced damped oscillator:

X+ Tx+wix=(q/mE, exp (iwt) (1.9)

where g and m are the charge and mass of the particles in question, and y =mI"
is the damping constant. The restoring force constant mw3 is zero for a metal,
as the electrons are free to move through the solid, and non-zero for dielectric
materials, since both outer electrons and ions are bound to their positions in
the solid by Coulombic forces. On solving eqn (1.9) for the time-varying
electric dipole moment per unit field, i.e. the polarizability, we obtain

qx() _q° 1
- -1 1.10
“TTE T m (w% —o*+ilw (1.10)
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where we take |g| =e. In view of the inverse proportionality on m, eqn (1.10)
implies that electronic polarizabilities are important throughout the optical
spectrum, whereas ionic polarizabilities are important only in regions close to
their resonances. Electronic polarizabilities determine the index of refraction
in the transparent region. The real and imaginary parts of the refractive index,
n and k are complicated functions of the radiation frequency (w), resonance
frequency (w,) and damping constant, I'; simple formulae for n* and k2 are
obtained only in the limit that (x —1) < 1. Assuming there to be N weakly-
coupled oscillators per unit volume of solid, each with a set of resonances
(labelled by index, i) at frequencies w; with damping constants I'; and if there
are f; electrons per oscillator which can participate fully in the ith resonance,
then we can derive the following expressions for n and k, in the case that f; < 1
(Wooten 1972):

Z ft (wzz - wZ)
eom T (W —w?)*+T?w?’

_2N¢? v | )
T ggm T (0P —0?)+T20?

(1.11)

k2

(1.12)

In eqns (1.11) and (1.12) the parameter f; is called the oscillator strength; in the
classical model where the electron oscillates according to eqn (1.9), f; has the

(a) (b) (c)

Atomic polarizability —»

Frequency, o —»

FiG. 1.1. Showing schematically resonances in the atomic polarizability of solids
arising from (a)re-orientation of permanent dipoles, (b)lattice vibrations, and
(c) electronic excitation.
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value of unity. In real situations f; can be very small, as is predicted in quantum
mechanical models.

These equations define the spectral variation of the optical constants and,
through eqn (1.8), of the reflectivity (R) also. In general, only a few major
resonance phenomena are to be expected (Fig. 1.1); electronic resonances at
relatively short wavelengths (visible to near ultraviolet) and ionic dipole
resonances at long wavelengths (far infrared). Diatomic and more complex
solids, e.g. silica, which sustain permanent ionic dipoles, display strong ionic
resonances typically at wavelengths in the range 5-10 um. In monatomic
solids such as germanium the infrared absorption is weak, being due to
induced dipoles produced by the action of the radiation. Figure 1.2 shows the
theoretical variation of n, k, and R in the region of the electronic resonances.
This model (Lorentz 1909) shows that we may identify four distinct regimes,
I-IV in Fig. 1.2. In the low-frequency region I, w <w,, where w, is the
electronic resonance, the solid is transparent with negligible absorption, small
reflectivity and refractive index, n, increasing (normal dispersion). Region II
(w=~w,) is characterized by strong absorption, high reflectivity, and ‘anom-
alous’ dispersion, i.e. n decreasing with increasing w. Within region III where
w>w, the dispersion becomes ‘normal’, the absorption decreases to quite
small values but the reflectivity remains relatively high. Finally, in region IV,

| 1 Ui | 1 v

60

40

R(%)

20

Photon energy (ev)

Fic. 1.2. Variation of the refractive index, n, extinction coefficient, k, and reflectivity,
R, as a function of photon energy, hw, calculated from eqns (1.11), (1.12) and (1.8)
assuming hw;=4 ¢V, f;=0.1 and AI';=1.0eV. (Adapted from Wooten 1972.)
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Fic. 1.3. The dependence on photon energy of x, for germanium (a) and the
reflectivity, R, (plotted logarithmically) of potassium chloride (b). Note that in both
cases above E, the reflectivity increases and decreases as is expected from the classical
model (regions IT and IIT in Fig. 1.2). Structure due to excitons (in potassium chloride)
and band structure effects (see Section 1.5.1) is also observed. (After Phillip and
Ehrenreich 1963.)

o > w,, the binding energy of the charges is negligible relative to the photon
energy, hw, and they respond as though they were free. Note that the model
represented by eqn (1.9) is that of an insulator. However, the behaviour of the
optical constants (Fig. 1.2, regions III and IV) is rather characteristic of a
metal above the plasma frequency. Indeed we can use eqn (1.9) to represent a
typical metal by setting the restoring force, mwj, to zero which is formally
equivalent to Drude’s (1902) free electron model of a metal. Figure 1.3
compares the reflectivity of potassium chloride and germanium at photon
energies in the range 0-24 eV. Although superficially in agreement with

)
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classical predictions these spectra also show additional structure due to
quantum mechanical effects (see Section 1.5).

1.3 Spectroscopy and quantum mechanics

Optical spectroscopy has been a principal testing ground of quantum
mechanics and of models of atomic structure since the early part of this
century. Bohr derived an expression for the electronic energy levels of
hydrogen and hydrogen-like ions:

—mZ?%e*

"=2(4n£0)2n2h2 (L13)

which is identical with that later derived from Schrédinger’s wave mechanical
model. Sommerfeld’s modification of the Bohr theory led to the idea of
elliptical orbits, while retaining the arbitrarily introduced concept of angular
momentum quantization. There was no such arbitrariness in wave mechanics,
quantization of both orbital angular momentum and the electronic energy
arising quite naturally out of the imposition of boundary conditions required
to obtain physically realistic solutions for Schrodinger’s time-independent
equation. However, the Schrodinger theory could not properly account for
the fine structure in atomic spectra or for the additional splittings of spectral
lines where observed in a magnetic field. Two further developments of
quantum mechanics were necessary for such phenomena to be interpreted.
The first of these was the introduction of a relativistic wave equation for the
electron by Dirac (1927). Solution of this equation led to the additional source
of electronic angular momentum, of magnitude ./1(4 + 1)A, which we now
refer to as spin. It was also determined that relativistic effects (including
spin—orbit coupling) removed the I-degeneracies of the particular shells and so
produced splittings in the spectral lines of atoms. These splittings have been
much studied in the spectra of hydrogen-like atoms, helium, and the alkali
metal atoms. Recently very high-resolution spectroscopy of the H,-line in a
low-pressure atomic hydrogen discharge tube has been used both to give a
very precise determination of the Rydberg constant and to test the accuracy of
quantum electrodynamics. The second important step was the development
of efficient procedures for calculating and classifying the electronic energy
levels of multi-electron atoms (Slater 1930; Hartree 1928). Nowadays the
precision with which we calculate the atomic energy levels and, there-
fore, the possible positions of spectral lines is determined predominantly by
the availability of time on large computer systems.

Quantum mechanics is capable of predicting not only the energies of
absorbed or emitted photons in atomic transitions but also of calculating the
strengths of such processes using the time-dependent Schrédinger equation.
Such calculations yield the selection rules of atomi~ spectroscopy (Condon
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and Shortley 1953). The classical results given in eqns (1.11) and (1.12) are also
obtained from a quantum mechanical calculation. The damping constant, [';,
which determines the resonance width, is related to the lifetime of the excited
state through the uncertainty principle. The oscillator strength, f;, which in
the classical model is just the number of electrons per atom which can
participate fully in the ith resonance, is now interpreted as a quantum
mechanical entity which is related to the transition probability of the
absorption process (see Chapter 4).

1.4 Atom and ions in solids

Another early application of quantum mechanics was in the calculation of the
energies of electrons involved in chemical bonding. Obviously such calcu-
lations become more difficult (and more computationally tedious) with the
size of the molecular unit. Calculations of molecular energy levels of the
hydrogen molecule ion, hydrogen, and methane are relatively straightforward
(Pauling 1967). However, quantum mechanical modelling of the vast number
of interacting atoms in a solid presents a rather more daunting challenge. The
simplest model assumes that a lattice of fixed positive ions provides a periodic
potential in which a gas of electrons are (essentially) free to move (Bloch 1928;
Kronig and Penney 1930). The periodicity of the ionic potential, with an
appropriate boundary condition, requires that the only energy levels available
for occupation by the electrons occur in bands of discrete, very closely spaced
levels (bands); energy values between these bands are forbidden. This model
leads to the familiar classification of the electronic properties of metals,
semiconductors, and insulators (Gibson and Elliot 1974).

The forces which hold atoms together in solids are often classified as ionic,
covalent, and metallic. There is also a variety of weaker forces, e.g. van der
Waals, hydrogen bonds, etc. (Pauling 1967). In general, several bonding
mechanisms are at work in any particular solid. For example, the bonding in
aluminium oxide is predominantly ionic, with a small degree of covalent
bonding, whereas the opposite situation is found in silica, i.e. predominantly
covalent bonding with some ionic bonding. However, the unifying feature of
all bonding mechanisms is that the energies of the occupied outer-shell
electrons of the constituent atoms are lowered by bonding, in which the
interplay of long-range attractive and short-range repulsive forces leads to
there being an equilibrium separation between atoms. This interplay is
expressed by a simplified expression for the potential energy, V(R), of the

bound system, e.g.
A m\({Ro\"™ ™
=212 20 14
we -G ) 19
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where n>m, R is the instantaneous separation between the atoms and R, is
the equilibrium separation. In an ionic solid, such as sodium chloride, we have
m= 1, representing the fact that positive and negative charges are attracted by
Coulomb interaction; the overlap repulsion (cc R™") is a much shorter range
potential and » lies in the range 5-10. For inert gas solids (neon, argon), m=6
and n=12 give accurate values of the bond energies calculated using eqn
(1.14). Rather more complicated functions must be used to represent bonding
in metallic solids and in strongly covalent solids. The nature of bonding forces
in large measure determines the energy band structure of a solid.

Figure 1.4 shows schematically how the energy band structure of sodium
develops as a large number of atoms are brought into closer and closer
contact with one another. When the atoms are widely separated, (i.e. at
1/R =0), the electrons exist in discrete, sharply defined energy levels. Energy
gaps, E,, exist between the adjacent energy levels. As R decreases and the
individual atomic charge distributions begin to interact the electronic energies
are perturbed, and the energy levels shift and split into (2/+ 1)N molecular
levels, where N is the number of atoms involved in bonding and (2/+ 1) is the
orbital degeneracy of the level. Thus each atomic ns-level is a single orbital
level, each atom np level splits into three molecular levels, and so on. For
example, in a hypothetical Nag molecule (Fig. 1.4(b)) the 2p level splits into 18
molecular levels and the 3s level splits into six. The Pauli exclusion principle
dictates that each level is at most occupied by two electrons with spins aligned
antiparallel. However, in this Nag, molecule only the lowest three molecular 3s
levels are occupied because each sodium atom contributes only one 3s
electron each. In other words, half of the 3s levels are filled and half remain
empty. When N is of the order of Avogadro’s number, as in solids, the splitting
between adjacent levels within a band is so small that it is more useful to think
of a continuous band of levels. The magnitude of the energy splitting for a
particular level, i.e. the width of the energy band, is determined largely by the
mutual electrostatic interaction between two electrons on adjacent atoms,
and is of the order 5-10 eV; it is not much changed by the number of atoms
bonded together. Obviously the splitting of the atomic energy levels into
bands at the equilibrium value of the atomic spacing, R, is much larger for
the outer energy levels than for the inner core electrons, as Fig. 1.4(b) shows.
Thus it is that in sodium metal the 3s electrons occupy an energy band, the
conduction band, which at most may contain 2N electrons. Since there are
only N valence electrons provided by the sodium atoms, this band is only half-
filled. This is illustrated on the left-hand side of Fig. 1.5: the box representing
the 3s band of energy levels is only partially shaded, indicating that the band is
half-filled. When atomic energy levels are close together in energy, the energy
bands produced from them may overlap as is the case for the top of the 3s
band and the bottom of the 3p band in metallic sodium. In this region the
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electrons occupy hybridized orbitals, the wavefunctions of which are admix-
tures of pure 3s and 3p wavefunction.

The picture given in Fig. 1.5 provides a qualitative account of the electrical
conductivity of solids. In metals such as sodium, with a half-filled conduction
band (Fig. 1.5(a)), the electrons are easily excited into higher-lying states in the
band by an applied electric field. Magnesium (Fig. 1.5(b)) is also a good
metallic conductor. In this case the two valence electrons per atom are
sufficient to fill the 3s conduction band. However, because of the small overlap
of 3s and 3p bands (Fig. 1.5b) there are a few unoccupied levels in the 3s band
and a few occupied levels in the 3p band. It is these electrons which provide
the conductivity in metallic magnesium. However, in a solid with a filled
valence band, electronic conduction occurs only as a consequence of excita-
tion across the bandgap. Since in an ionic crystal the bandgap, E,, between the
fully occupied valence band and an unoccupied conduction band may exceed
3 or 4 eV, such a material would be a good insulator. The case of sodium
fluoride is shown in Fig. 1.5(c). This compound is almost perfectly ionic, each
sodium atom transferring one 3s electron to a 3p level on one of the fluorine
atoms in forming ionic bonds. As the band scheme in Fig. 1.5(c) shows, this
process leaves the 3s and 3p bands localized on the Na™* ion empty, whereas
the 3s and 3p bands on the CI~ ions are fully occupied. The bandgap,
E,~7eV, is the separation between the top of the C1~ 3p band and the
bottom of the Na* 3s band. In consequence, electrical conductivity via
electron transport in an electric field does not occur in sodium chloride even
close to the melting temperature. The small conductivity (c. 107 1% (Q cm) ™ 1) is
rather associated with charge transport by thermally-activated ionic motion
(see e.g. Henderson 1972).

In semiconductors it is usual to regard the ns and np states as fully
hybridized (Pauling 1967); such bands are fully occupied so that at low
temperature these materials are insulators. However, the nearest unoccupied
band may be quite close in energy, (e.g. in silicon the conduction band is
only ~1 ¢V above the valence band), so that electrons at the top of the valence
band may be thermally excited across the bandgap, E,, into the normally
unoccupied levels in the conduction band. Such electrons are then free to
sustain a current in the presence of an electric field. Obviously, the larger the
bandgap the higher the temperature required to provide for the thermally-
activated electrical conductivity that typifies semiconductor behaviour.

The simplest quantum mechanical description of the band structure of
solids is based on a non-interacting electron approximation in which the
electron moves in a potential, ¥ (r), which has the periodicity of the crystal
lattice, and is caused by the fixed atomic cores plus the charge distribution of
all the other outer-shell electrons. In this model the Schrédinger equation

[(h2/2m)V2+E— V()Y (r, k)=0 (1.15)
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Fic. 1.5.. The filling of energy bands in sodium, magnesium, and sodium fluoride
(schematic). The energy scale has been adjusted so that the highest occupied level in
each solid has the same energy.

has eigenfunctions, the so-called Bloch functions
Y(r, k)=u(r)expik.r (1.16)

where u,(r) has the periodicity of the lattice and k is a vector in reciprocal
space. If the crystal sample has cubic symmetry with linear dimension L, k is
restricted to the values —n/L<k;<m/L, where k; refers to any one of the
components k,, k,, and k,. In the simplest case ¥ (r) is assumed constant
throughout the crystal; indeed it is convenient to take this constant to be zero.



Spectroscopy and Electronic Structure 15

Then u,(r) is a constant and the eigenvalues are
2
_h

E=—k-".
2m

(1.17)
When the periodicity of the potential V (r) is taken into account the formula
for E is more complicated. Plots of E versus k along different directions in
reciprocal space are often referred to as the band structure of the solid. In
Fig. 1.6 we show such a plot for germanium; at low temperature the shaded
region separates the fully occupied valence band from the empty conduction
band. As we shall see, measurement of the optical constants directly probes
the band structure of the solid.

The concept of an effective mass for the electron in an energy band is of
some importance, particularly in discussion of electron transport phenomena.
Then it is useful to write a simple classical equation for the motion of electrons
under an external perturbation in the form external force =mass x acceler-
ation. Since the actual force experienced by the electron consists of the
external force plus any internal force due to periodic potential, there is not a
simple relationship between the external force and acceleration. We can use

2n 2n
k=2"(111 k=0 Kk=""0
a 222 Wave vector, (k) a (100

- F1G. 1.6. Partial energy band diagram for germanium. The I'’s, X, and L’s are points of
high symmetry in the Brillouin zone. (After Kittell 1966.)
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such an equation if we introduce an effective mass, m*, to replace the free
electron mass. This effective mass takes into account the action of the internal
forces. Indeed m* is actually a second-rank tensor, although for many
simple applications it can be treated as a scalar. Its magnitude, however,
can differ considerably from the free electron mass. Indeed, for electrons
close to the top of the energy band m* is negative (see e.g. Gibson and Elliott
1974).

We have emphasized that the energy band structure depends upon lattice
periodicity, which in turn follows from definite geometrical relationships
between all the atoms in the solid. In fact a crystal structure is produced by
associating an atom or group of atoms with a particular three-dimensional
lattice. A lattice is an abstract mathematical construction. The symmetry
properties of a solid are determined by two factors, the nature of the bonding
between atoms and the relative sizes of atoms involved in the solid (see e.g.
Hayes and Stoneham 1985). Consider first the case of the alkali halides (MX).
If we regard the atoms M and X as fully ionized, then each cation (M * =Li",
Na*, K*, Rb*) has six equidistant octahedrally arranged anions (X~ =F ",
Cl~, Br7, I7) surrounding it. In principle, because the Coulomb interaction
between anion and cation provides a non-directional attractive force between
anions and cations, each cation may be surrounded by any number of anions
(and vice versa). In practice, the relative sizes of the ions determine the
arrangement. For example, the octahedral arrangement (Fig. 1.7(a)) is
sustained only for a ratio of cation to anion radii, r,/r_, in the range
\/ 2—1<ryfr_ <\/ 3—1. This rule, derivable from simple geometric argu-
ments, applies also to the alkaline earth oxides. However, beryllium oxide, for
which r /r_=0.22, does not have the rock-salt structure. Nor do the caesium
halides (0.732 <r, /r_ < 1) crystallize in this form: instead they have eightfold
coordination of anions around each cation (Fig. 1.7(b)). Similar consider-
ations apply to other simple compounds, e.g. calcium fluoride. However, there
is also a need to maintain strict charge neutrality. In the calcium fluoride
structure (Fig. 1.7(c)) each doubly-charged cation is at the centre of a
tetrahedral arrangement of anions, there being eight such groupings in each
unit cell. In this case 0.225 <r . /r_ <0.414. Such ideas are readily adapted to
more complex ionic crystals such as alumina, potassium magnesium fluoride,
etc. (Greenwood 1968).

In contrast to the alkali halides, which are predominantly ionic, the
majority of materials are of mixed bonding character. The series of com-
pounds magnesium oxide, magnesium sulphide, magnesium selenide, and
magnesium telluride all have the rock-salt structure. However, the properties
become decreasingly ionic as the element from Group VI becomes less
electronegative. Indeed, magnesium telluride has a high reflectivity and a
temperature-dependent electrical conductivity, such as is normally to be
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Fig. 1.7. Unit cells of (a) alkali halide, (b) caesium halide, and (c) calcium fluoride
crystals.

expected from a semiconductor. The bonding in semiconductors is mainly
covalent. Quantum mechanical considerations show that in covalent bonding
the electron charge density is concentrated in the region between atoms, and is
axially symmetric about the line joining the nuclei. This is the origin of
directional bonding in semiconductors. Consider the situation in diamond
where carbon atoms are bonded together in a tetrahedral arrangement. In the
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free carbon atom the configuration (1s)?(2s)%(2p)?> has the lowest energy.
However, in diamond the 2s and 2p states combine to form a set of four hybrid
bonds per atom directed towards the corners of a regular tetrahedron.
Quantum mechanically the wave function of such an (sp*) bonding orbital is
written as a linear combination of 2s and 2p atomic wavefunctions, i.e.

o|2s) +Z B:12p; >; there cannot be more than four such (sp®) hybrid bonds per

atom. Since each atom contributes one electron to each of the four bonds, and
each bond is shared by two atoms, then on average each set of sp® hybrid
orbitals is fully occupied. There are two electrons per bond with spins aligned
antiparallel. The crystal structure of diamond (Fig. 1.8(a)) is shared with the
elemental semiconductors silicon and germanium. Related tetrahedral struc-
tural arrangements in diatomic semiconductors such as gallium arsenide (Fig.
1.8(b)) and zinc sulphide (Fig. 1.8(c)) follow from the mixture of ionic and
covalent bonding. For example, in gallium arsenide the partial ionic bonding
requires the formation of Ga™ and As* ions. Since each of these ions has four
outer electrons they may then enter into a diamond-like hybridized bonding
structure.

1.5 Optical properties of solids

This text is concerned largely with the optical spectroscopy of inorganic
insulators; semiconductors are discussed to a lesser extent and metals not at
all. As discussed in Section 1.4, the highest band of occupied levels—the
valence band—is completely occupied in an insulator and separated from the
lowest band of excited states—the conduction band—by a significant energy
gap. The distinction between insulators and semiconductors (at least electri-
cally) is largely semantic, since at low temperatures pure semiconductors (e.g.
silicon, germanium, gallium arsenide) are good insulators. As an arbitrary
measure we define an insulator to have largely ionic bonding and a bandgap
greater than approximately 2.5 eV. Most common semiconductors are pre-
dominantly covalent, with rather narrower bandgaps (<2.5 eV). The energy
band structure of a solid determines the number, strength, and spectral
positions of the electronic absorption resonances implied by eqns (1.11) and
(1.12). However, other resonances are also possible, since both impurities and
defect centres may occur and have energy levels within the bandgap. Optical
transitions may then take place either between the energy levels of the
particular centre or between these levels and the valence and/or conduction
band.

1.5.1 Interband optical transitions

In Section 1.4 we discussed as distinct topics the concepts of bonds between
atoms and the development of energy bands. These topics are not unrelated;
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Fic. 1.8. Unit cells of (a) silicon, (b) gallium arsenide, and (c) zinc sulphide.
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rather are they different aspects of the same problem—that of the cohesivity of
solids. Nonetheless it is convenient to discuss some properties of materials in
terms of bonding and others in terms of band theory. For the purposes of
describing the optical properties of inorganic solids, band theory is particu-
larly appropriate and from this point on will be applied almost exclusively.
We illustrate this in terms of the excitation of direct and indirect interband
transitions in pure semiconductors. As Fig. 1.6 shows, the energy gap between
valence band and conduction is not constant for all values of the electron
wavevector, k. In germanium the top of the valence band at the point k=0
(T,5) is separated from the lowest point in the conduction bands (L,) at
k=(2r/a) (333) by 0.66 eV; there are four such conduction band minima
situated at zone boundaries in the (111> directions. Germanium is an
example of a semiconductor with an indirect bandgap. So too is silicon,
although the conduction band minima occur about 85 per cent of the way
between k =0 and the boundary along the zone (100) direction. Zinc selenide
and gallium arsenide are examples of direct-gap semiconductors. Gallium
phosphide is another indirect-gap semiconductor; in the alloy system
GaP,As, _,, where 0 <x < 1, there is a transition from direct gap to indirect
gap at the composition x=0.46.

Optical transitions across the bandgap conserve total momentum. If the
photon momentum is determined by its wavevector, ¢, the selection rule for
the absorption of a photon in a transition from the state k, to k_ is

hk,=hk,+hq (1.18)

where k_ and k, are the wavevectors for electrons at appropriate points in the
conduction and valence bands, respectively. Since the photon wavevector ¢
has a magnitude which is only a small fraction of the reciprocal lattice vector
we may assume ¢ =0 so that we have the k-selection rule k. =k, . Figure 1.9(a)
shows a simple energy band for a direct-gap semiconductor. Absorption
transitions at the bandgap energy, E,, which mark the fundamental absorp-
tion edge, are indicated by the vertical arrow. Such direct interband tran-
sitions obey the k-selection rule (eqn 1.18). A partial energy band diagram for
an indirect-gap semiconductor is shown in Fig. 1.9(b). The fundamental
absorption process at E, the arrow (i), is an indirect transition which does not
satisfy the k-selection rule. This radiative transition only occurs if accom-
panied by the absorption or emission of a phonon in order to conserve k. The
selection rule is now

hk = hk, + hk,, (1.19)

where k, is the phonon wavevector. Since this process involves both
electron—radlatlon and electron—phonon interactions, it has a smaller transit-
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FiG. 1.9. Illustrating absorption and emission transitions in (a) direct and (b) indirect
interband semiconductors.

ion probability than the direct transition. Of course, direct absorption
transitions also occur (e.g. arrow (ii) in Fig. 1.9b) but at energies greater than
the bandgap. Germanium is an indirect-gap semiconductor with an indirect-
gap threshold between the I', s and L, points in the Brillouin zone (Fig. 1.6) of
0.74 eV at 4.2 K. Direct and/or indirect transitions are observed in measure-
ments of the absorption coefficient (Section 6.1) close to the absorption edge.
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Figure 1.10 shows the results of such measurements at 7=4.2-90 K for
germanium. At low temperature, T<20 K, there are no phonons to absorb,
and the two components beginning at ~0.75 eV and ~0.77 ¢V in Fig. 1.10(a)
involve excitation across the indirect bandgap accompanied by the emission
of phonons at two different energies. Above 77 K phonons with these two
different energies are also absorbed during the transition, resulting in
absorption of radiation at somewhat lower energies. The onset of direct
transitions occurs just below the photon energy of 0.89 eV, above which the
absorption coefficient increases strongly. Whether a material has a direct or
an indirect bandgap is of signal importance in processes of electron—hole
recombination by radiative emission rather than by non-radiative multi-
phonon emission. Electrons in the conduction band occupy energy states at
the bottom of the band whereas any holes occupy states at the top of the
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FiG. 1.10. The absorption edge spectrum of germanium; (a) portrays indirect gap
transitions at 7<90 K (Macfarlane et al. 1957) and (b) shows the increasing absorp-
tion due to the onset of direct gap transitions.
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valence band. Thus, in radiative emission processes electrons at the bottom of
the conduction bottom transfer to empty states at the top of the valence band,
releasing energy as a photon of radiation. In a direct-gap semiconductor (Fig.
1.9(a)) this is a direct radiative transition satisfying eqn (1.18) with probability
likely to be greater than that of the non-radiative process. Thus the
electron-hole recombination process results in luminescence with hv~E_.
For indirect-gap semiconductors, however, this radiative transition is indirect
(Fig. 1.9(b)) with small transition probability. It is then more likely that
electron—hole recombination will occur non-radiatively. The probability of
radiative recombination in an indirect-gap semiconductor may be enhanced
by suitably doping the material so that recombination takes place at the
impurity centre where the k-selection rule may be broken. Of particular
interest in the luminescence context are III-V alloy systems such as
GaP,As, _,, where 0 <x < 1, in which the direct bandgap may be varied from
2.78 eV (x=1, gallium phosphide, indirect gap)) to 1.43(x =0, gallium arsen-
ide, direct gap)). Such materials are of considerable commercial interest as
LEDs and semiconductor diode lasers (Berg and Dean 1976). The intrinsic
luminescence spectra shifts in a predictable way that is roughly linear with x
(Fig. 1.11). However, there is an abrupt change of slope of the transition at the
crossover from direct-gap to indirect-gap material. In GaP,As,_, the
crossover occurs at x =0.46 (Craford et al. 1972). This behaviour indicates
that the transition energy at the luminescence peak senses the mean alloy
composition. Contrariwise, the luminescence width varies in a manner which
reflects the fact that within any particular alloy there are fluctuations in
composition to which the transition responds. The fluctuations are a source of
inhomogeneous broadening, and the luminescence bands are in consequence
broader for the alloys than for the pure compounds.

The spectral variations of the optical constants give detailed information
about the band structure. The spectrum for germanium (Fig. 1.3(a)) shows the
effects of the broad valence band, and structure in the conduction bands
above the band edge. (The data in Fig. 1.3(a) are reproduced with an expanded
energy scale in Fig. 1.12(a).) The absorption rate at any photon energy above
the bandgap is determined by the density of states in the valence and
conduction bands separated by the energy E ~ hw. Singularities in the density
of states produce edges in the absorption spectra, which may increase or
decrease with an increase in frequency. Sharp peaks are observed when
upward and downward edges almost coincide. This is the origin of the peaks
at 1.3 eV and 4.5¢V in the spectrum of germanium (Fig. 1.3(a)); weaker
structure is observed at 3.5 eV and 6.0 eV. These structures are resolved more
clearly using modulation spectroscopy (Cardona 1969) in which some deriva-
tive of the optical spectrum is measured. For example, wavelength-modula-
tion spectroscopy requires that a wavelength-modulated monochromatic
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Fic. 1.11. Showing the variation of electroluminescence peak energy with composit-
ion x, at 300K in GaP,As, _, alloys. For x <0.46, in which range these materials are
direct-gap semiconductors, the peak position follows the composition linearly. Above

the crossover from direct-gap to indirect-gap at x = 0.46 the variation becomes non-
linear (adapted from Craford et al. 1972).

beam is slowly swept through the appropriate spectral range and the a.c.
component of the reflectance measured by synchronous phase-sensitive
detection; the derivative dR/d/ or dR/dE can then be recorded directly. The
resolution of such methods can be better than 10~ 3 ¢V. When applied to the
reflectivity of germanium it becomes clear that the 1.3 ¢V and 6.0 eV bands are
split by spin—orbit splitting of around 20 meV (Fig. 1.12(b)).

Insulators such as potassium chloride are highly transparent, with very
little absorption and a small reflectivity, at low photon energies. This is shown
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FiG. 1.12. Showing (a) the real part of the dielectric constant, k,, adapted from Brust
et al. (1962) compared with (b) the modulated reflectance (dR/dE) spectrum of
germanium (adapted from Zucca and Shen 1971) at photon energies of 0-6.5¢eV
measured at 5 K.

in Fig. 1.3(b) where the region of transparency extends to about 7.0 eV; the
bandgap of potassium chloride is large. Above the region of transparency
there is a number of sharp peaks related to the narrow energy bands and the
formation of Frenkel excitons. In ionic crystals the strong Coulomb inter-
action between bound electron-hole pairs produces sharp energy levels,
which give rise to the narrow exciton absorption bands in Fig. 1.3(b) at
photon energies near to the bandgap energy. Frenkel excitons are self-
trapped by the strong distortion of the lattice induced by the charged
components of the exciton. Self-trapping is not effective in semiconductors
because the electron—hole attraction is screened by the dielectric constant.
Wannier excitons are free to move with a well-defined wavevector until they
decay radiatively or become trapped at impurities or defects. These free
excitons are observed in semiconductors with relatively small bandgap. Some
aspects of exciton spectroscopy are discussed in Chapters 10 and 12 (see also
Appendix 1A): more substantial accounts are given by Knox (1963) and in
Rashba and Sturge (1982).
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1.5.2 Bandgap transitions

Interband transitions are not the only spectral characteristics of interest.
Indeed, there is a rich variety of spectroscopic phenomena associated with
both impurities and defects which have optical absorption and emission
bands at energies below the bandgap. It is the nature and characterization of
transitions involving bandgap states originating on intrinsic lattice defects
(Chapter 7), rare-earth metal ions (Chapter 8) and transition metal ions
(Chapter 9) that are the predominant concern of this text. In large measure
theory and experiment have developed in parallel, almost since the very
beginning of quantum mechanics. Crystal field theory (Bethe 1929) and its
later developments (Sugano et al. 1970) were used to interpret the observed
spectra of different transition metal ions in ionic host crystals. Such theories
determine the electronic energy levels of such systems in the static electric field
of the crystal in terms of a few empirical parameters. The effects of ionic
vibrations were treated separately. In a seminal paper Born and Oppenheimer
(1927) showed that under appropriate conditions the electronic and ionic
motions are separable, and from this point they went on to provide the basis
for interpreting the bandshapes of electronic spectra of simple molecules. In
application to solid state systems the Born—Oppenheimer approximation
finds its simplest expression in terms of the configurational coordinate model,
in which the electronic states are assumed to be coupled to a single vibrational
mode. Such a theory is able to give a simple semi-quantitative interpretation
of the various bandshapes which are to be found in the spectra of solids. The
various theories used to model the optical properties of defect centres in both
ionic and semiconductor crystals owe much to the use of large, efficient
computers. A wide range of different spectral features—transition energies,
bandshapes, and radiative lifetimes—have been reported for many different
types of optical centre. It remains one of the most remarkable successes of
quantum mechanics that such spectra can be interpreted, often to the finest
detail and experimental nuance.

Appendix 1A: Excitons in crystalline solids

The original concepts of the exciton were promulgated by Frenkel (1931,
1936) and by Wannier (1937). These quasi-particles play important roles in
the spectroscopy of solids. Under certain circumstances we can envisage the
Frenkel exciton on a single atom, where the excited electron is localized by
strong interaction with the hole left in the electron shell from which the
electron was excited. Such Frenkel excitons are characterized by a small
orbital radius for the excited electron. In strongly ionic crystals the charged
nature of the electrons and holes enables them to interact with a small number
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Table 1A.1

The main species of excitons (after Hayes and Stoneham (1984)).

Exciton

Wannier exciton

Frenkel exciton

Self-trapped exciton

Bound exciton

Core exciton

Excitonic molecule

Multiple bound excitons

Exciton gas

Electron-hole drops

In essence, an electron and hole moving with a
correlated motion as an electron—hole pair.

Electron and hole both move in extended orbits.
Energy levels related to hydrogen atom levels by
scaling using effective masses and dielectric constant.
Occurs in covalent solids such as silicon.

Electron and hole both move in compact orbits,
usually essentially localized on adjacent ions. Seen in
ionic solids, such as KCl, in absorption.

One or both carriers localized by the lattice distortion
they cause.
Observed in ionic solids, such as KCl, in emission.

Only a useful idea when a defect merely prevents
translational motion of an exciton and does not
otherwise cause significant perturbation.

Lowest-energy electronic excitation from a core state,
leaving an unoccupied core orbital (e.g., the 1s level of
a heavy atom) and an electron in the conduction band
whose motion is correlated with that of the core hole.

Complex involving two holes and two electrons.

Complex of many holes and a similar number of
electrons, apparently localized near impurities. Some
controversy exists, but up to six pairs of localized
carriers have been suggested.

High concentration of electrons and holes in which
each electron remains strongly associated with one of
the holes (an insulating phase).

High concentration of electrons and holes in which
the motions are plasma-like (a metallic phase), not
strongly correlated as in excitons and included here
only for comparison.

of neighbouring ions, causing them to relax to new equilibrium positions. The
distortion is responsible for the self-trapping mechanism that operates in ionic
crystals. In other materials the excitation cannot be restricted to a single atom
or group of atoms, and the quantum of energy migrates from atom to atom.
Since the exciton is no longer restricted to a single atom, carrying no net
charge, only energy, it may be regarded as an excited state of the whole solid.
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It is in this sense that we refer to Wannier excitons. However, in the current
literature the term ‘exciton’ has come to mean any one of a rather large
number of excitations of the solid plus radiation system. Hayes and Stoneham
(1984) detailed the various excitonic phenomena as shown in Table 1A.1.



2

Energy levels of free atoms and of optical
centres in crystals

CHAPTER 1 set out to develop a familiarity with the basic concepts of
spectroscopy. Here we present some formal quantum mechanics required to
calculate energy levels involved in spectroscopic transitions. The atomic
system is described by a simplified, yet usable, Hamiltonian operator, 5,
which has eigenstates |a) with eigenvalues E,; the wavefunctions describing
the stationary states take the form

Yalr, t)=la) exp(—iE,t/h). 2.1

This chapter is concerned with calculating and then characterizing the
eigenstates of #, and we are assisted in this task by studying the symmetry
properties of 5. We make use of the theorem that

if an operator O commutes with H, i.e. [#, 0]=0, it follows that the eigenstates
of # can be chosen to be eigenstates of O and so can be labelled by the
eigenvalues of 0.

This characterization of the wavefunctions of the electronic system according
to the eigenvalues of the operator ¢ allows us to make use of the following
helpful theorems:

1. There are no matrix elements of s# between eigenstates of ¢ with
different eigenvalues

2. There are no matrix elements of ¢ between wavefunctions with different
energy levels.

2.1 Electronic structure of one-electron atoms

According to the Dirac theory the Hamiltonian for an electron in an
electromagnetic field characterized by potentials ¢ and A is

_ (p+ed)?

# 2m

—edp+{(nl.s+ %s. B+ smaller terms (2.2)

where the magnetic field strength is given by B=V x A, and s is the operator
for electron spin. For an electron in the electrostatic field of the nucleus,
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¢=Zefdne,r and A=0, and neglecting smaller terms the Hamiltonian
becomes

p2 Zez
= — l.
2m  dmeyr +Hls
=H,+H,, (23)

where the spin—orbit coupling {(r)l.s is written as #,,, and J#, is the
simplified Hamiltonian for the electron in the field of a nucleus of charge Ze
which is stationary at the origin. (A suitably brief introduction to the Dirac
equation is given in Griffith (1961).)

2.1.1 Orbital angular momentum
If #, is neglected we are left with the simplified Hamiltonian

h? Ze?
Ho= " 2m V2~ 4neor
K2\ /[ o? 2\ 0 h2P Ze?
o) (o) e 0

I=rx p is the operator for the orbital angular momentum of the particle
which in spherical polar coordinates is

I (A
x= "1 ygz' Zay

=ih(sin¢> + cosHsmgbad))

= —ih(cosd; —cosﬂsm¢a¢>

0
l —'—lh%
and
1 0 0 1 02
S 2| 2.5
! |:sm0 60<Sn960> sin” 0 6¢2] 23)

The commutation relationships for the components of / are
U, L1=inl,, [1, 1 ]1=inl,, [, L]=ihl,
(3, 11=0. (2.6)

Since I does not contain r, we find that [, I ]=0, indicating that orbital
angular momentum is conserved for the simplified one-electron atom. 5, I,
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I, form a set of commuting operators; consequently energy eigenstates can be
chosen which are also eigenstates of /2 and I,. Such energy eigenstates are

l//nlmg(r) = Rnl(r) Y;m(ea d)) (27)

where the labels n, I, m; are the quantum numbers which characterize the
energy eigenstates. The R, (r) function is written as the ket |nl ), the ¥, (r)
function as the ket |nlm;», and the Y7"(0, ¢) functions are the spherical
harmonics being eigenstates of /'and /,, i.e.

Py m@, ¢)=I1(+1)h2Y ™0, ¢)
LYT(0, §)=mhY (0, §). (2.8)
Tables of the spherical harmonics are to be found in texts on quantum
mechanics (e.g. Weissbluth 1978). The energy eigenvalues
—mZ2%e*

Euim= 575577
" 2Aneg) nh?

2.9
depend only on the principal quantum number n, which takes positive
integral values, an identical result to Bohr’s (eqn 1.13). The quantum number,
I, characterizing the magnitude of the orbital angular momentum also takes

integral values: [=0, 1,2, . . ., (n—1), whereas m; measures the z-component
of the orbital angular momentum. There are 2/+1 integral values of m;=1,
(1-1),(1-2),... —(I—1), — L Thus for a given value of n the several different

allowed values of I and m,; contribute a large degeneracy in each level.

The simplified Hamiltonian #, (eqn 2.4) is invariant under inversion of
coordinates, r— —r (i.e. x, y, z— —x, —p, — z) in Cartesian coordinates, or r, 8,
¢— r, (m—0), (r+ ¢) in spherical polar coordinates) as is easily seen from the
Cartesian form of this equation:

L ze? 24
°T  2m\ox? ' 0y* | 0z%)  Ameg(x*+y +z2)EF ’

If we write the inversion operator as P,, where
P f)=f(-r) (2.10)

for any function f (r), then [#,, P,]=0. As a result the eigenstates of 5, can be
chosen to be eigenstates of P;, that is, to be even or odd under space inversion.
The eigenstates defined in eqn (2.7) have this property since

YM(n—0, n+¢)=(—1)'Y ™0, ¢) (2.11)

and then we have
Pnlm)y =(—1)!|nlm,). (2.12)

Wavefunctions |nlm;) characterized by even values of | are said to have even
parity, ie. they do not change sign under inversion of coordinates, while
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wavefunctions characterized by odd values of [ are said to have odd parity. The
parity property of wavefunctions is of special significance in the determination
of selection rules for spectroscopic transitions.

2.1.2 Electron spin

The concept of electron spin, an intrinsic angular momentum with an
associated magnetic moment, was first introduced by Goudsmit and
Uhlenbeck (1926) to account for ‘anomalous’ experimental results of spectra
measured in a magnetic field. This intrinsic angular momentum was shown by
Dirac to be a consequence of relativistic considerations. Equation (2.2) is an
approximate Hamiltonian derived from Dirac’s (1927) relativistic equation.

As can be seen in eqn (2.2), spin enters into the eigenvalue problem through
the spin—orbit coupling term, 3#,,={(r)!. s, and the Zeeman term —(e/m)s. B,
where the electron magnetic moment due to spin is —(e/m)s=p,. The
operator s has the commutation properties of angular momentum so that we
can replace / by s in eqn (2.6). s?> and s, are a commuting pair with two
common eigenstates. These eigenstates are characterized by a spin quantum
number, s, analogous to /, and by a quantum number m,, analogous to m;,,
which gives the z component of spin angular momentum in units of 4. The
only value of sis, and the two values of m, are +3. These two spin eigenstates
may be written in ket form as |sm,) or as s(m,). However, they are often given
the labels |a) and |B), where |a) =1 $> =S(3) is the ‘spin-up’ state and | )
= —1>=5(—1) is the ‘spin-down’ state. By analogy with eqn (2.8) for orbital
angular momentum we have

s[zmgy =3G+ Dh*5m) =3h25m,)

sz'%ms>=msh|%ms> (213)
and the two spin functions are orthonormal:
\ GHED =G 41 —b=1
G —H=0 (214

The simplest orbital-plus-spin description of the one-electron system, i.e.
the product state [nlm,)|sm,), can be written as the spin—orbital u=|nlsm;m,>,
the numbers inside the ket being the quantum numbers specifying the electron
state. The s label is usually omitted since s always has the value 4. If the
spin—orbit coupling and Zeeman terms are ignored the eigenvalue depends
only on n, which emphasizes again the high degree of degeneracy in the one-
electron atom.

2.1.3 The coupled representation—total angular momentum

We now consider the energy degeneracy of the electron states. The energy
depends on n only, and for a given value of n, n different values of / are allowed.

B
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Foreach nand [ there are 2(21+ 1) different sets of values allowed, correspond-
ing to the different values of the quantum numbers m; and m;. We can speak of
a 2(21+ 1)-fold function space or vector space associated with each set of nl
values (or nis values) and the |nlm;m,) states form an orthonormal basis set for
this (nls) space. We can choose a different set of orthonormal basis states for
this function space. Chemists tend to use a linear combination of |nlm;) states
which are real and can be plotted to give a pictorial interpretation of chemical
bonding. Basis functions for the nls space can also be chosen which are
classified according to the total angular momentum of the electron whose
operator is

j=1l+s. (2.15)

From the commutation properties of the / and s operators we find that j also
has the commutation properties of angular momentum (eqn 2.6) where [/ is
replaced by j. We find that I2, 5%, j2, and j, form a commuting set of operators
which also commute with #,. Hence we can choose energy eigenstates which
are also eigenstates of I2, s, j2, and j,. As before I and s? are characterized by
the quantum numbers [ and s (=3) while j2 and j, are characterized by
quantum numbers j and m;. These new energy eigenstates for the n, I, s space
are expressed in ket form as |nlsjm;) and are made up of linear combinations
of the |nlsm;m,) states. The relationship between the two sets of basis states
can be written as

Inlsjim;> =3 |nlsmymg) {Ismym,|Isjm;> (2.16)
in which the {Ilsmym|lsjm;> are the vector-coupling or Clebsch-Gordan
coefficients, tables of which are given in various quantum mechanics texts (e.g.
Weissbluth 1978). Some values are listed in Appendix 3A. There are two
allowed values of j, viz. | +%, and for each value of j there are (2j + 1) values of
m;: j,(j—1),(j—=2),... —(j—1), —j. Itis a simple matter to check that there
are as many different allowed sets of values of j, m; as there are allowed sets of
values of m;, mg, i.e. 2(21+ 1). In this situation we say that l and s are coupled to
give the total angular momentum j, and that the new total angular
momentum states are eigenstates in the coupled representation. The coupling
of two angular momentum operators to form a new angular momentum
operator is treated from a more general viewpoint in Section 3.1.8. We list in
Table 2.1 properties of the general angular momentum operator J and of the
eigenstates of J* and J,. The |nlsm;m,) and |nlsjm;) states are equally valid
sets of energy eigenstates of the Hamiltonian 5#,.

2.1.4 Spin—orbit coupling

The largest term omitted from the Hamiltonian in eqn (2.4) is the spin—orbit
coupling energy term . This can be pictured as the magnetic coupling
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Table 2.1
Some properties of the general angular momentum operator, J, and angular
momentum eigenstates |JM ). J can refer to orbital or spin angular
momentum or to a sum of different angular momenta

Ve, =ihd,, [J,, 0. ]=ihd,, [J,, J,]=ihJ,
Jo=J +iJ,
JEP=J2+Ui+U2=J,J_+Ji-hJ,=J_J.+J2+hJ,
[J:,J.1=FhJ;
JHIMY=J(J+1)R|IMD
J[IM>=Mh|JM )
J | IMY=/U-M)(J+M+1)h|lJM+1)
J_IMY=JU+M)J-M+1)hlJM—-1)

between the spinning electron (regarded as an elementary magnet) and the
magnetic field due to the relative orbital motion of the nucleus and electron.
The form of the function {(r) is given by the Dirac theory (Weissbluth 1978) as

1 Ze?
= 2.17
¢ drey 2m2c*r? @17)
The I.s factor can be written as
Ls=3(,s_+1_s,+2ls,). (2.18)

I, and s, respectively commute with /2 and s? but not with /, or s,, as
Table 2.1 shows. Hence the [nlsm;m) states are not eigenstates of /.s. How-
ever, [.s commutes with j. To see this note that /. s can be written as

Ls=1(j2—1?—s?). (2.19)

Since j=I+s commutes with j2, 2, and s it follows that j commutes with /.,
and therefore with .. Hence .5, j2, j, are a set of commuting operators for
which a common set of eigenfunctions are the coupled representation states
|nlsjm;>. These are eigenstates of #,, as we saw in Section 2.1.3.

Are these eigenstates also of #°,,={(r)l.s? To answer this question we
calculate the matrix elements of #,, using the basis functions of the coupled
representation, i.e.

22 _ g2
<n'1's'j'm;.|¢(r)’—2 > |nls jmj>
(2.20)
I+ D)—s(s+1)

o
2

i(j+1)—1
=<n’l’|{(r)|nl>h2](J ) Op1 Ogs Oj1j Omym,

e
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where J;; is the Kronecker delta. Evidently 5, can mix states of the same /, s,
Jj» m; values but with different values of n. If the separation in energy between
states belonging to different n values is much larger than the matrix elements
of #,, then the mixing of states with different n values is very small and can be
neglected. To that approximation the basis functions |nlsjm;) are eigenstates
of #,+ #,,. The diagonal matrix elements of #,, are obtained from eqn
(2.20). For a given value of ] the two values of j =143 have spin—orbit coupling
energies of {l/2 and —{(I+1)/2, respectively, where

(=< nl|E(r)|nl). (2.21)

This splitting of the state with quantum numbers nls into two states with
different energies, characterized by the two allowed j values, is shown in
Fig. 2.1. That the spin—orbit coupling energy does not depend on m; follows
from the fact that /.s commutes with J. , since this means that there are no
matrix elements of j, orj_ between eigenstates of # ', with different values of
the spin—orbit coupling energy. Spin—orbit coupling causes the doublet
splitting of the sodium D lines and of many other transitions in the visible
spectrum of the sodium gas discharge spectrum.

\nls,j=1+1/2, m;>

|nlsmm_ > ,
or 4
’
In/sjm; > //
\
\ 2/+1
\ 2 °
\
\
\
\
\
\
\nls,j=1-1/2, m;»
'#o ‘#o+‘#so

F1G. 2.1. In the absence of spin—orbit coupling the one-electron wavefunctions can be
labelled by either set of quantum numbers, nlsm;m; or nlsjm;. In the presence of
spin—orbit coupling only the second set are ‘good’ quantum numbers. This coupling
separates the two different j states. Configurational mixing is assumed negligible.

2.2 Transitions between stationary states

The discussion so far has concentrated on determining the eigenstates of the
Hamiltonian of the one-electron atom i.e. W,(r, t)=V,(r)exp(—iE,t/h), n
representing the appropriate set of quantum numbers. These stationary states
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have the important property that the charge density is independent of time:
p(r, t)=e|P,(r, t)|*=e|y,(r)|>. For example, consider the wavefunction (un-
normalized) composed of equal amounts of 2s and 3p stationary states:

W=, (r, )+ V¥;,(r, 1)
=y, (r)exp(—iE,t/h) + 5, (r)exp(—iE;,t/h). (2.22)
The change density is
plr, )=(—o)|¥(r, t)?
—e([Y 2411 + Y3, (1) 1> + Y33 exp (s — Ep ) t/h
+ Y% Yo expi(Es,— E,)t/h). (2.23)

This contains an oscillatory term

p(rexp(—iwt)+ p*(r)exp(iot) (2.24)

where p(r)=ey3.¥;, and w=(E;,— E,,)/h. Since the states y/,, and 5, are of
opposite parity p(r) is an odd function and has a non-zero dipole moment.
Thus the atom in this non-stationary state behaves like an oscillating electric
dipole, which, according to classical electromagnetic theory, can emit or
absorb radiation at the oscillating frequency w =(E;, — E,,)/h. This is just the
Bohr frequency condition for a transition between stationary states 2s and 3p:

ho =Ey,— E,,. (2.25)

This simple example suggests that to have transitions between stationary
states some interaction must occur to perturb the system and cause a mixing
of different stationary states. And the mixing must involve states of opposite
parity (the parity selection rule). The problem of transitions between states is
addressed using time-dependent quantum mechanical perturbation theory in
Chapter 4.

2.3 Multi-electron atoms

2.3.1 The central field Hamiltonian

For multi-electron atoms the Hamiltonian is a sum over all N electrons of
one-electron operators (eqn 2.3) plus the inter-electron Coulomb interaction,

AH'=Y e*[4ne,r,;. Hence the Hamiltonian is written as
i>j

2

x:;(fi— Ze el s>+z (2.26)

4ne,yr; 5 dneor;;

In this equation the final term poses the greatest computational difficulty. In
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the central field approximation, developed to overcome this problem, the
interaction of the ith electron with the other (N —1) electrons is replaced by a
spherically-averaged potential energy term,

U,-(ri)=<2 e > (2.27)

jFidmegr;;

in which the bracket signifies spherical averaging. In this approximation the
Hamiltonian is now written as

Z 2
H = Z(Zm - 4n:0r. +{(r)d. s+ Ui(ri))
p?
=) <2m + Vz(ri)+<:(r,-)li-s.-> (2.28)

where V'(r;) is the spherically symmetric one-electron operator which rep-
resents the potential energy of the ith electron in the field of the nucleus and all
other electrons. This Hamiltonian consists of a sum of one-electron terms
each of which is the same as the hydrogen-like Hamiltonian in eqn (2.3) except
that a more complicated radial potential energy V' is involved.

Further simplification follows from the neglect of the smaller spin—orbit
coupling terms, which leaves the orbital Hamiltonian

H,= Z <— + VY )) (2.29)

The angular part of each one-electron term in eqn (2.29) is identical to that in
the case of hydrogen, the radial and angular parts of the wavefunction are
again separable, and the wavefunction can be written as

[nlm;> =R, (r;) Y 1"(6;, ;) (2.30)

However, R, (r;) is the solution of the radial equation involving the central
field potential Vi(r;). This radial function is characterized by a principal
quantum number n and an angular momentum quantum number /, and the
energy of the one-electron state depends on both n and [ (E,;). The complete
spin—orbital, u, obtained by multiplication of the orbital state by the spin state
S(m,), is characterized by the four quantum numbers n, I, m,, m,. Hence,

u=Ry(r) Y0, §)S(m,)=nlm;>|smg) =|nlmm,. (2.31)

The many-electron eigenstate of 5, is then written as the product state,
I, u,,, where the index «; represents all the one-electron quantum numbers of
the lth state. The energy of this state, ZE, ; , depends on the set of n;l; values.
This set, (n;l;), is called the electron configuration. The energy does not depend
on the m; and m, values, and as before these eigenstates have a large energy
degeneracy.
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The calculation of the central field potential, ¥(r;), is exceedingly tedious.
However, Hartree (1928) developed a more efficient procedure which involved
searching through successive approximations for a self-consistent field.
Starting from an assumed central field potential, V(r;), one calculates
|n;l;my, >, and this is repeated for all electrons. These |n;m,,> wavefunctions,
where i#k, are used to calculate an improved V(r,) for electron k. This
central field is then compared with the original assumed potential; if they
differ the procedure is iterated until the final results converge to a self-
consistent V(r;) and |n;l;m, >. These orbital wavefunctions are used in the
spin—orbital u;=|n;m, >|s;m,,>. The multi-electron Hartree wavefunction is
then the product function

u1(Duz(2)u;(3) - . . uy(N)

in which the radial and spin coordinates of the electrons are represented by (1),
(2), etc., and each subscript represents a set of four quantum numbers defining
the spin orbital.

2.3.2 Exchange symmetry

The Hamiltonian 5# (eqn 2.26) is invariant under the interchange of the
coordinates, spin and orbital, of any two electrons: i.e. [, P;;]1=0, where P;
is an operator which interchanges spin and orbital coordinates of electrons i
and j, so that (r;, s; <> r;, s;). The interchange operator, P;;, may be written as
the product operator

Py=P{®. P, (2.32)

P® and PP" being operators for the interchanges r,—r; and s, s;,
respectively. The simplified Hamiltonian #,, eqn (2.29), is similarly invariant
under P;; but it is also variant under P {;®.

The eigenvalues of the interchange operator are y= + 1; the eigenstates
with y=+1 and —1 being, respectively, even (or symmetric) and odd (or
antisymmetric) under the interchange. Experimentally the complete wave-
functions of electrons are found to be antisymmetric under P;;. However, no
such antisymmetrization of the wavefunction is allowed for in the Hartree
treatment. The spin orbitals may be organized into an antisymmetric N-
electron wavefunction by writing them in the form of a Slater determinant
(Slater 1930):

u (1) up(1)  ua(l) ... (D)
. u12) w2 w2 ... uy(?)
¥(1,2,3,.. )=

0,3 w,03) w3 ... uy@) (2.33)

u;(N) u(N) us(N) ... un(N)
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Recalling that when any two rows or any two columns of a determinant are
identical the determinant is zero, we recognize that when two one-electron
states are identical two columns of the Slater determinant are identical so that
the wavefunction is identically zero. This gives a simple statement of the

Pauli Exclusion Principle: in an atom no two electrons can occupy identical
states, i.e. can have the same four quantum numbers.

The Slater determinantal wavefunctions indicate those one-electron states
which are occupied by electrons, without assigning specific electrons to
specific states. The Slater determinantal wavefunctions can be represented by
the ket|(n;m;m,)y=—1), where y= —1 signifies a properly antisym-
metrized arrangement of the N electrons among the N one-electron states
n;l;m; mg,. The symmetry of the Hamiltonian under interchange (or exchange)
of coordinates of any two electrons is called exchange symmetry. Instead of the
Hartree self-consistent field approach which takes no account of the require-
ment of antisymmetry, one can use the Hartree—Fock approach which uses a
variational technique to obtain the best Slater determinantal wavefunctions.
This approach is described in detail by Tinkham (1964).

2.3.3 Classification of wavefunctions of the central field Hamiltonian

We have already noted that since the energy of the eigenstates of #, (eqn 2.29)
does not depend on the set of m;, and m,, values there is a large energy
degeneracy. Consequently many different sets of energy eigenfunctions can be
chosen. It is clear that 5, commutes with /;, and also with L= X,/;. In addition,
since £, does not involve spin £, commutes both with s; and with §=X;s;.
In consequence #, commutes with J=L+S. Since #,, I?,s2, L*, S L,, S,
constitute a commuting set of operators the eigenstates of #°, can be classified
by the set of quantum numbers (n;l;) LSM; My. Including the requirement that
the eigenstate be antisymmetrized under the interchange, i.e. y= —1, the
eigenstate can be expressed as a ket |(n;l;) LSM; Mgy= —1) formed from the
linear combinations of Slater determinantal wavefunctions for the specific set
of (n;l;) values. Specific examples of these eigenstates are written down in a
later section. That the eigenfunctions must be antisymmetric restricts the
number of possible L, S values for any given configuration. Similarly we can
see-that #,, 17, s?, L*, 8%, J%, J,, P;; form a commuting set of operators, and
energy eigenstates can be formed which are classified by the quantum
numbers (n;l;), L, S, J, M, y= — 1. These eigenstates are formed from linear
combinations of the |(n;l;)LSM; Mgy= —1) functions, i.e.

|(n;l,) LSIM;y=—1)=
Z |(n; ) LSM; Mgy= —1) {(LSM; Mg|LSIM, > (2.34)

ML, Ms

The { LSM; Mg|LSJM; ) are the Clebsch—-Gordan coefficients.
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2.3.4 Wavefunctions and energy levels for outer electrons

Optical spectroscopy and electron spin resonance (ESR) spectroscopy are
generally concerned with the small number of electrons on the outside of the
atomic centre, outside the closed electron shells. We will therefore concern
ourselves only with these outer electrons. Further, in most cases of interest to
us the atomic centres will be ions rather than uncharged atoms. At present we
consider free ions. Subsequently such ions are considered as constituents of a
solid. The free-ion Hamiltonian is

Hog= Aoyt H+ K, (2.35)
p.z

H,= : V'(r; 2.36
o Z‘(Zm + (h)) (2.36)

eZ
! 2.37
where H i;j( 4neor,-j) (2.37)
Ho= T, (2.38)

and the summation is over the outer electrons. Consider first #,. Each outer
electron moves in the central field of the nucleus and of the inner closed-
shell electrons ¥'(r). The form of #, is identical with that of eqn (2.29) but
now i refers only to the outer electrons, all of which experience the same
central field potential V'(r;). The wavefunctions are the Slater determinants
(n;limy mg )y = —1).

A" is the energy of the Coulomb interaction between the outer electrons.
The effect of #°' is to subject the outer electrons to a non-central force, so that
the individual electron orbital angular momenta, /;, are not constants of the
motion, ie. [#’, ;]#0. However, [5#’, L]=0. To see this we write

[lzﬂr—i| ] i leZ(f:chk' |> (2.39)

which is zero because
V; b =—V; ; (2.40)

|"i_"j| |"i_"j|
Since spin does not enter into #,+ #  this part of the Hamiltonian also
commutes with S. Hence #,+ #', L, L., S*, S, P,; form a commuting set of
operators so that the eigenstates of #,+ #' are classified by quantum
numbers L, S, M;, Mg, y=—1.

We have already found a set of eigenstates of #,, |(n;[;)) LSM;, Mgy=—1)
which are linear products of Slater determinants. Are these eigenstates of 5#,
also eigenstates of #, + #°'? To answer this question we must evaluate matrix
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elements of # using these product states as basis functions. Since [ #', L] =0
and [ #’, $]=0 the matrix elements of #’ between functions of different
LSM; Mg are zero. However, non-zero matrix elements of J# can exist
between functions of the same LSM; Mg derived from different configurations:

{(ml;y LSM Mg| | (n;1;) LSM M >.

This is configuration mixing. Generally the matrix elements of J#’ between
functions belonging to different configurations are much smaller than the
energy separation between different configurations. Consequently the effect of
configuration mixing is small. Thus to the extent that configuration mixing
can be neglected the eigenstates of A, viz. |((n;];})LSM Mgy)= — 1), are also
eigenstates of J#,+ #'. And since J#,+ ' commutes with L, and S, the
energy of these eigenstates does not depend on M,, M.

The calculation of the diagonal matrix elements of ', the Coulomb
interaction between the outer electrons, is described very clearly in a nuniber
of texts (see, for example, Griffith 1961). These matrix elements are expressed
either in terms of the Slater parameters, F,, F,, F,, ... or in terms of the
Racah parameters, A, B, C, . . . The latter are defined as linear combinations
of the Slater parameters. The Coulomb interaction between the outer
electrons splits the energy level of the electron configuration (n;l;) into a
number of LS terms. For a given LS level there are (2L +1)(2S + 1) distinct
energy eigenstates. Thus the energy eigenstates are not unique. In particular,
linear combinations of M;, My eigenstates can be chosen which are also
eigenstates of J* and J .. These we represent by the kets |(n;[,) LSIM ;7= —1)
and are defined in terms of the |(n;l;)) LSM; Mgy= —1) states by eqn (2.34).

2.3.5 Thecase of two p electrons

We illustrate the above ideas by considering two outer electrons occupying
the (nl, n'l’y configuration, and in which I=["=1 (p electrons). If n=n" these
electrons are said to be equivalent. We start with simple product functions and
form linear combinations which are characterized by LSM,; Mg values, and
then take care of the antisymmetry requirements. The simple product orbital
function is written as |nlm,|n'lm;); linear combinations of these product
functions are chosen which are eigenstates of L% L,, ie.

(1w LM Y=Y |nlm)|n'Im><{11mm;|11LM,) (2.41)
where (11m,,m;|11LM, > are Clebsch-Gordan coefficients. As we show in
Chapter 3 the one-electron states with /=1"=1 can be combined to form
states of total orbital angular momentum L=2,1,0. From the table of
Clebsch—Gordan coefficients (Table 3A.1) we find

|(nn')225 =|n11|n'11) (2.42)
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States of L=2, M; <2 can be generated by operating on |22) with L_.
Similarly we find from the table

[(nn')11) = 715[|n11>|n’10>—|n10>|n’11>] (2.43)
and
|(nn')00>=71§[|n11>|n'1—1>

—[n10) 10> +|n1 — 130’113 ]. (2.44)

Consider first the case of n'=n. The above orbital states can be seen to be
eigenstates of P {7, the D state (L=2) and S state (L =0) being symmetric
under P ¢} and the P state (L= 1) being antisymmetric.

From the four product spin states, a(1)a(2), a(1)B(2), B(1)a(2), B(1)B(2),
where (1) and (2) now refer to the spin coordinates of electrons 1 and 2, linear
combinations of these spin states can be chosen which are eigenstates of S2
and S,. These are (Table 3A.1)

|SM> =[11) = (1)a(2)
1105 = ﬁ [x(1) B(2)+ B(Da(2)]
N-1>=4(1)B(Q2)
10,05 = :}5 [e(1) B(2)— B(Da(2)]. (2.45)

The S=1 states are symmetric and the S =0 state is antisymmetric under the
parity operator P$Pi". The full spin-plus-orbital states |(np)>LSM, M) are the
product states |(np)>LM, >|SMg).

Let us now consider the requirement that the electronic wavefunction be
antisymmetric under P,, = P{7. P$5". This requires that the D and S orbital
states (which are symmetric) may only be combined with the spin singlet
(S=0) state, whereas the P orbital state (which is antisymmetric) is com-
bined with the spin triplet (S=1) state. In spectroscopic notation the spin
orbital states are labelled as 2% (L), where S in the superscript represents
the value of the total spin, and (L) means the symbol S, P, D,...
for L=0,1,2, ... Thus the allowed LS terms in the (np)?> configuration
are !D, 3P, !S. In the limit of negligible configuration mixing, these states
are eigenstates of s, +#’. The diagonal matrix elements
{(np)’LSM; M| #"'|(np)>LSM, My ) evaluated in terms of Slater parameters
(Tinkham 1964; Griffith 1961) are




Energy Levels: Free Atoms; Optical Centres in Crystals 43
E(*D)=F,+F,
E(P)=F,—5F, (2.46)
E('S)=F,+ 10F,.

We note that the state having the maximum spin multiplicity is lowest, as
predicted by Hund’s rule.

We now examine the case where n’'#n, and consider in particular the D
orbital state (eqn 2.42): we write this as

[(n1n'1)22> =|nl1)n'11) = f(1)g(2) (2.47)

where (1), (2) now refer to the orbital coordinates of electrons 1 and 2. For
convenience we have written the distinct orbital states as f and g. This product
state is not an eigenstate of P°". However, there is another [22) orbital state
derived from the two same orbitals, viz. g(1)f(2), and symmetric and
antisymmetric |22) states may be formed from the f and g orbital states in the
following way:

(/9)22Y0r= £ 1) = 71§[f(1)g(2)ig(1)f(2)]- (2.48)

These symmetric and antisymmetric orbital states must be multiplied by
antisymmetric and symmetric spin states forming !D and 3D states, respect-
ively. In this way two inequivalent p electrons can occupy either 3D or D
states. Similarly 3P and 'P, and 3S and 'S states are also aliowed.

Returning to the symmetric and antisymmetric [22) states (eqn 2.48) the
diagonal matrix elements of s#’ for the two cases are:

(@P'D)2270n = + 1| #'|(pn'p)22y = £ 1)
= (D@ #'1f (Vg S Vg #'19() f D))
—K+J (2.49)

in which K and J are known as the direct and exchange integrals, respectively.
The presence of the exchange integral is a consequence of the Pauli principle
requiring that the electron wavefunction be antisymmetric under P, ,. These
integrals, which for atoms are both positive, can be expressed in terms of the
Slater parameters (Tinkham 1964). The higher energy y,,, = + 1 state must be
multiplied by the antisymmetric spin singlet state (S=0) while the y,,,= —1
state must be multiplied by the symmetric spin triplet state (S=1). Thus the
3D and !D states are separated in energy by 2J, as shown in Fig. 2.2.

We note that we can write an effective perturbation Hamiltonian to
produce the same separation of the S=0 and S=1 states. This is

H'=K—1J—-2Js,.5s,. (2.50)
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Fic. 2.2. The L=2 state (D state) formed from two inequivalent p-electron states is
split into two by the Coulomb interaction between the electrons, #'.

To see that this leads to the same energy levels we note that the diagonal
matrix elements of — 2s, . s, are —1 and +3 for the spin triplet (S = 1) and spin
singlet (S =0) states, respectively. This form of s#" allows us to interpret the
separation in energy between spin triplet and spin singlet states as being
caused by a spin alignment operator —2J s, . s, which aligns the spins parailel
(S=1) or antiparallel (§ =0). For two electrons on the same atom J is positive
and the spin triplet state is the lower. When two atoms are close enough for a
Coulomb interaction to occur between the electrons on the two atoms this
interaction can similarly be expressed as an apparent coupling between the
spins of individual pairs of electrons of the form —2J s, . s,. In this case J may
be positive or negative leading to a ferromagnetic or antiferromagnetic
coupling between atoms. This is the basis for the Heisenberg theory of
ferromagnetism in solids.

2.3.6 Spin—orbit coupling for multi-electron atoms

The operator for spin—orbit coupling is #,, (eqn 2.38). For atoms with low
atomic number the effect of 5#’ is greater than that of 5#,, and the approach is
first to seek wavefunctions of #, + ', as we have already done (these are the
LS term states), and then to take J#,, into account. For atoms with high
atomic number the effect of spin—orbit coupling can be greater than the effect
of the Coulomb interaction between the outer electrons. In that case one first
considers the coupling of spin and orbital angular momentum vectors on
individual electrons (to form j) and then the coupling of the j states through
the Coulomb interaction between the electrons. This is the j—j coupling
approach. We shall concentrate on the first approach, where J,, is smaller
than .
The spin—orbit coupling term is

%SO=ZC(ri)Ii'si=Zc(ri)%(jiz_liz—siz)- (2.51)
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Just as in the single-electron case this can mix states which differ in the
principle quantum numbers of on¢-electron states; this mixing is expected to
be small and is neglected. The operator #,, commutes with /? and s? but does
not commute with L? and $2. It commutes with j; and thus with J. Hence there
are no matrix elements of #,, between states of different JM; but there can be
matrix elements of 5, between states of the same JM; values from different
LS terms (term mixing). In the Russell-Saunders approximation one neglects
mixing from different LS terms. To that approximation the |(n;l})LSJM, )
states are eigenstates of #,, and so are eigenstates of #,+ #' + H#,. It can
be shown (Tinkham 1964; Di Bartolo 1968) with the aid of the Wigner—Eckart
theorem (Chapter 4) that within the same LS term the matrix elements of #,
are proportional to those of L.S =3(J?> — L2 — $?). Hence the matrix elements
can be written [J(J+1)—L(L+1)—S(S+ 1)]J{(LS)/2. Within a given LS
term there are a number of | LSJM, ) states of different J value which, in the
absence of spin—orbit coupling, have the same energy, and the separation in
energy between adjacent J states is

E,~E,_,= %[J(J+ )—J(J—1)]=LJ 2.52)

indicating that the splitting is proportional to the larger J values of the two
adjacent levels. This is the Landé interval rule. The spin—orbit coupling
parameter { can be expressed as a series of radial integrals (Di Bartolo 1968)
but it is generally regarded as a parameter whose value is obtained from the
observed energy separations of the J levels. The splitting of the level of the
(np)? electron configuration into LS terms under the action of #’, and further
into J multiplets under the action of #,, is shown schematically in Fig. 2.3.
The departure of the observed splitting of an LS term from the Landé interval
rule can be regarded as a measure of the failure of the Russell-Saunders
coupling. We shall consider this when we discuss the energy levels of rare-
earth ions in solids.

2.4 Optical centres in a static crystalline environment

There are many spectroscopically interesting electronic centres in inorganic
solids, including single- and multi-vacancy centres in ionic crystals, recombi-
nation centres in semiconductors, molecular ions, and multi-electron im-
purities such as transition metal and rare-earth ions. It would be desirable to
develop a common theoretical approach to the calculation of the energy levels
of these centres, but because of differences in the nature of the centres and in
the nature of the interaction of the centre with the surrounding atoms of the
host solid such a common approach is not possible. In practice, significantly
different methodologies are required for the different centres. Symmetry
considerations, however, which are general to all centres, can greatly assist the
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Fi1G. 2.3. The Coulomb interaction, #”, splits the (np)? configuration into LS terms,
while #,, splits the 3P term into J multiplets.

analysis. Not least in the computational problem is the fact that the lattice in
which the electronic centre resides is not static. Each atom or ion takes part in
the cooperative vibrational motion of the solid, and the electronic levels are
modulated by internal electric fields at frequencies corresponding to the
lattice vibrations. It is convenient to separate the two components of this
problem—the static crystal field due to the average lattice configuration and
the dynamic crystal field due to the vibrating lattice—and treat them
separately. The remainder of this chapter is concerned with the energies of the
electronic centre in a static crystalline environment.

In the static crystal field approach each ion is assumed fixed at a mean
lattice position. However, the way in which we set up the static crystal field is
determined by the nature of the problem. For example, in semiconductors and
vacancy centres in ionic crystals the lattice is sometimes treated as a dielectric
continuum. The most notable quantitative success of this approach was due
to Kohn and Luttinger (1955) in their theory of shallow impurity states in
semiconductors, although the method has also found applications to F-
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aggregate’ centres in alkali halides. Generally speaking this approach is not
tenable for deeply bound states, such as F-centres' or dopant transition and
rare-earth ions. For the particular case of dopant rare-earth ions the optically-
active f electrons are only weakly affected by the crystal field. The effect of the
crystal field can be considered as a perturbation on the | f"LSJM,) free-ion
states, and it causes a splitting of the free-ion level. The symmetry of the
crystal field potential is an important factor. The number and symmetry of the
crystal field states are deduced in Chapter 3 by group-theoretical methods
using only a knowledge of the symmetry of the crystal field potential.

In seeking a Hamiltonian operator to describe the electronic centre we take
advantage of the fact that optical transitions involve only changes in the states
of the outer electrons; the inner electrons occupying closed shells or subshells
are normally unaffected by these transitions. We regard these inner electrons
as creating the constant electrostatic central field (eqn 2.27) with which the
optically active electrons interact. The Hamiltonian is written as -

H =Ko+ K,
— g+ H + Hog+ H, (2.53)

where 5, # ', and i, are defined in eqns (2.36-2.38) and s, represents the
energy of interaction of the outer electrons with the electrostatic crystal field.
We can write the crystal field term as

H=T LA, R) (2.54)

The summations are over the electrons (i) and the neighbouring ions (), and
the latter occupy positions R,. In the first instance we are interested in the
static average crystal field, so the time-average position of the Ith ion is used
for R, in eqn (2.54). Methods of determining the eigenstates and eigenvalues of
the Hamiltonian (eqn 2.53) depend upon the relative sizes of the various terms.
We identify three different regimes.

1. Weak crystal field: #. < H', #. H,is neglected initially. The remain-
ing terms constitute the free-ion Hamiltonian. The free-ion states are first
calculated as described in Section 2.3 and then #, taken into account by
perturbation theory. This weak field approach is appropriate to the trivalent
rare-earth ions since for these ions the optically active 4f electrons are
partially screened from the lattice ions by their outer filled 5s>5p® subshells.
Hence the weakness of the crystal field.

2. Intermediate crystal field: #' > # > H . In this case S, is initially
neglected. One starts. with the free-ion LS term functions. Since 5, is an
orbital operator the free-ion L functions are used as basis functions to

¥ Colour centres, such as F-centres and F-aggregate centres are discussed in Chapter 7.



48 Energy Levels: Free Atoms, Optical Centres in Crystals

calculate matrix elements of 5#, from which new crystal field orbital states are
formed. These are multiplied by spin S functions, the requirement of the Pauli
principle is taken into account, and the effect of 5, is then calculated.

3. Strong crystal field: # > H'>H . H' and Ji”so are initially neglected.
The remaining Hamiltonian is a sum of one-electron orbital terms, and the
eigenstates are products of one-electron crystal field orbitals. The interaction
between the electrons is next taken into account. The resulting orbital state is
characterized by an orbital quantum number, A, which is the crystal field
analogue of the free-atom L value. When the spin states are taken into
account the states are characterized by A, S parameters. Spin—orbit coupling
is then introduced as a perturbation.

2.4.1 The crystal field

The simplest description of the crystal field uses the point ion model, in which
ligand ions causing the electrostatic crystal field are represented by point
charges. This model neglects both the finite spatial extent of the ligand charge
density and the wavefunction overlap of the optically active electrons with the
ligands. The Ith ion is represented as a charge ¢,= — Z,e at the lattice point
R,, which has spherical polar coordinates (a;, 0,, ¢;) and Cartesian co-
ordinates (x;, y,, z;). The electrostatic potential ¢(r, 0, ¢) due to the sur-
rounding point charges is

= 2.55
0 =g SR (255)
and the crystal field Hamiltonian is
1
=V (— ) = 2.56
=) =YY (2.56)
If we assume r;<a, we can expand |R,—r;|”! in terms of spherical

harmonics, and the interaction of the ith electron with the electrostatic crystal
field can be written (Sugano et al. 1970)

1 otk 4 Z,e? .
H )= 4801,‘;0':2_,‘(2“1) SO 060 Y00 9)  @5)

where

1

)? Yi(0. 9)

47
2k+1

Ci @, ¢)=<

and Y (0, ¢) is the spherical harmonic.
We need to evaluate matrix elements of the type

(n Imy| e C® nlmy ) = (R [P Ry ) CYPICP Y ). (2.58)
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The radial integral can cause configuration mixing, but, because of the large
energy separation between configurations the amount of configuration
mixing is small and generally can be ignored. We therefore assume that
n'l'=nl. The radial integral can then be written {r¥),,. The integral over
angles, labelled c*(I'm;, Im,), was originally evaluated by Gaunt (1929). Tables
of values are found in a number of texts, e.g. Condon and Shortley (1935),
Griffith (1961). These integrals are non-zero only under the following
conditions:
t=m;—m,,

k+1+1'=even integer,
[-T'<k<l+]1. (2.59)

The values of c*(Im, I'm’)=(—1y""™ c*(I'm’, Im) for [=1'=2 given in Table 2.2
are used when we discuss crystal field effects on d electrons. Note that for d
electrons (/=2) the c* values are non-zero only for k=0, 2, 4.

Table 2.2
Values of c*(Im, I'm'y=(—1y""" ck(I'm’, Im) for I=1'=2
m m’ k=0 k=2 k=4
+2 +2 1 -2 1
+2 F2 0 0 J70
+2 +1 0 J6 -5
+2 F1 0 0 —35
+2 0 0 -2 % x1/7 J15 3 x1/21
+1 *1 1 1 —4
+1 F1 0 -6 —/40
+1 0 0 1 V30
0 0 1 2 6

P

The crystal field experienced by a centre will reflect the symmetry of the
environment of the centre, and we attempt to classify each crystal field in
accordance with this symmetry. Figure 2.4 shows three different arrangements
of ions which give rise to electrostatic crystal fields of specific symmetry. The
crystal field due to the six ions in (a) is said to have octahedral symmetry
(indicated by the label 0,), and the electronic centre at the origin is said to
occupy a site of octahedral symmetry. The six point charges of amount —Ze
are each a distance a from the origin along +x, +y, +z orthogonal axes. As
an example, the site of the Mg?* ion in magnesium oxide is surrounded by six
O2~ ions in an arrangement of octahedral symmetry (Fig. 2.4(a)). In this
material the crystal field due to the more distant ions is of the same functional
form as that of the six nearest O?~ ions. In (b) the crystal field is due to four
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Fig. 2.4. The arrangement of ions giving rise to electrostatic crystal fields of
(a) octahedral, (b) tetrahedral, and (c) cubic symmetries. The x, y, z-axes shown here
are called cubic axes.

point charges of amount — Ze at the alternative vertices of a regular cube, i.e.
at the vertices of a regular tetrahedron. This crystal field is said to have
tetrahedral symmetry (label T,). In (c) the crystal field is due to eight ions with
equal charge —Ze at the vertices of a regular cube. This field has cubic
symmetry. For purposes of comparison the octahedra used to describe the
three arrangements of ions in Fig. 2.4 are given the same linear dimensions, 2a.

Arrangements of six neighbouring ions are commonly found in crystals.
However, there is usually a distortion from the perfect octahedron, and the
crystal field is of lower symmetry. As we shall see, the crystal field may then be
regarded as having two components, a strong component of octahedral
symmetry and a weaker one of lower symmetry. The usual method of analysis
is first to calculate the wavefunctions and energy levels in the field of
octahedral symmetry and then consider the effect of the weak lower symmetry
crystal field using perturbation theory. Depending upon the symmetry of the
crystal field the energy levels of the electronic centre may be calculated in
terms of one or more crystal field parameters. In the case of F-centres in alkali
halides we can use very simple models which ignore the symmetry properties
of the crystal field. Such simple calculations are discussed next, prior to a
discussion of the energy levels of a single d electron in crystal fields of various
symmetries.

2.5 Energy levels of F-centres and related defects

This section is concerned with electrons trapped on anion vacancy centres in
ionic crystals; the simplest such centre is the F-centre, an electron trapped in a
single anion vacancy.! The Hamiltonian for such a centre is then obtained
from eqn (2.53) by omitting the central field and electron—electron repulsion
terms, i.e.

H=p*2m+{()l.s+ H (r, R)). (2.53a)

t The F-centre and its properties are discussed in detail in Chapter 7.
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Most early theoretical models of the F-centre emphasized the nature of the
crystal field, although almost any field emphasizing the square-well-like
potential yields reasonable results for F-centre absorption energies. Less
successful is the continuum theory of F-centres, in which the F-centre is
treated as a hydrogen atom embedded in a dielectric continuum. Although the
use of an effective mass equation for the ground state of F-centres is
unjustified it has the merit of mathematical simplicity and is used when there
is some empirical means of fitting the effective mass, m*, and the dielectric
constant k. Two examples where the end results justify its use are the F,- and
F;-centres, which consist of two and three F-centres in nearest-neighbour
anion sites, respectively. In the sense that the F-centre is analogous to the
hydrogen atom, then the F, and F;-centres are analogous to the H, and H,4
molecules, respectively. Such analogies serve to define the number of elec-
trons, the symmetry properties, and classification of electronic states of these
defects. We do not intend to treat the very detailed theories of defect energy
levels in all their computational glory. Such aspects of the models are to be
found in Fowler (1968), Markham (1966) and Stoneham (1985).

2.5.1 F-centre models based on square-well potentials

The F-centre in alkali halide crystals consists of an electron trapped in a
halide ion vacancy (Fig. 2.5(a)). In the absence of the electron the halogen ion
vacancy is positively charged relative to the rest of the crystal so that the F-
centre is charge-neutral. Consequently in the absence of the central field
associated with the halogen atom, the trapped electron experiences only the
residual Madelung interaction due to all the other positive and negative ions
in the crystal. Typically the Madelung energies of alkali halide crystals are in
the range 5-10eV per ion. Although the empty volume available to the
electron is not precisely defined in the crystal, as a first approximation it is
assumed to be cubic with dimension 2L.=2(R, + R_), where R refers to the
univalent ionic radii of positive (+) and negative (—) ions. Since the
Madelung energy of a crystal is large relative to the kinetic energy of an
electron in thermal equilibrium with its surrounding, we assume it to have
zero potential energy inside the vacancy and an infinite potential energy
everywhere outside the cubic volume that represents the vacancy, sce
Fig. 2.5(b). The calculation of the F-centre energy levels reduces to finding the
eigenvalues of the time-independent Schrédinger equation,

hZ
<_ﬂ Vz_EImn)WImn':O (260)

under the boundary condition that the wavefunction y,,, is zero at the
boundary of the potential well. Suitably normalized eigenfunctions of eqn
(2.60) are
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FiG. 2.5. (a) A two-dimensional sketch of the de Boer model of the F-centre on the
(100) plane of an alkali halide crystal. (b) shows the one-dimensional particle-in-a-box
model used to illustrate the trends of optical properties of F-centres. The potential is
defined by V(x) =0in the range —L <0< + Land V(x)=oo forx< —Land x> + L.

1
1\2 . [Inx\ . (mry\ . (nnz
Ximn = (F) sin (T) Sln(—L—> sSin <T> (261)

with corresponding energy eigenvalues,

hz 2 2 2
E, =—(I2+m*+ 2.62
Imn 8 (2 [ )2 (l n ) ( )
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in which the quantum numbers /, m, and n may have integral values 1, 2,
3, ..., oo. The selection rule for allowed electric dipole transitions takes the
form Al=+1,Am=+1 or An= + 1. In consequence, the first allowed electric
dipole transition is from the ¥, ; ground state to the ¥, , ¥,,;, ¥, excited
states. Since the separation in energy of ground and first excited states is
3h2/8m(2L)?, this model predicts that the F-band occurs at a photon energy

1.13
=" eV 2.63
Ex (2L)? ¢ (263

where L is measured in nm. In this case the energy E; corresponds to the
photon energy at the peak of a rather broad band. This crude model has the
merit of predicting that the F-band absorption energy scales as the inverse
square of the lattice spacing, 2L, i.e. the unit cube length, of the alkali halide
crystal. It also predicts that transitions may be excited to other states
occurring at higher photon energies than the F-band. Experimentally F-
bands have been observed in all alkali halides; in each crystal the band is
broad and structureless. Figure 2.6 shows a test of eqn (2.63) for F-centres in
the alkali halides, in which the F-band peak energy is plotted logarithmically
as a function of lattice spacing. The results have a best fit straight line
E.=097(2L)" 772, The agreement between theory and experiment is per-

‘ LiF

F-band peak (ev)

04 0-6 08
{100 ) lattice parameter (nm)

Fia. 2.6. Showing the variation of F-band peak energy with lattice constant in the
alkali halides. The photon energy and lattice spacings are plotted logarithmically.
(Adapted from Dawson and Pooley 1969.)
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haps fortuitously good, even though the L~?2 variation is not quite matched
experimentally.

A somewhat more realistic model for the F-centre is an electron in a finite
potential well, the potential energy of the electron in the vacancy being equal
to the Madelung energy. The reduction in potential energy from infinite to
finite alters the boundary conditions so that the wavefunction is finite at the
vacancy boundary and falls to zero as r— + c0. In a one-dimensional model
the potential well is defined by V(x)= —V, for —L<x<+L, and V' (x)=0
everywhere else. We are interested in bound solutions with energy between
— V, and zero. If the energy is written as — E then both E and V, are positive
quantities so that E takes values in the range 0 <E < V,. This problem is
considered in most basic quantum mechanics (e.g. Merzbacher 1970), where it
is shown that the solutions of the Schrédinger equation are of either even
or odd parity with respect to x. Inside the one-dimensional potential well
the solutions are cos fix (even parity) and sin fx (odd parity) where f=
(2m(V,— E)/h?)*. Outside the potential well the solutions fall off exponen-
tially as exp(—ax) for x> L and exp(ax) for x < — L, where a=(2mE/h?)*.
The solutions inside and outside the well must be properly matched at the well
boundaries and this is only possible for discrete values of E given by the
transcendental equations

1 1
2mL? 2 E \2
i . - —E = .64
even solutions tan( 2 (Vo )) ( Voo E) (2.64)

1 1
2mL? 2 (Vo—E\Z
odd solutions: —tan(——r;:z—(Vo—E)> =< OE ) . (2.65)

Graphical solutions of these separate equations, possible only for certain
values of E, are easily obtained using trigonometric identities to find from eqn
(2.64) the even solution

cosf= i( VOV_E )2 =+(1—¢)? (2.66a)

0

and from eqn (2.65) the odd solution

VO_E>2 — +(1—g) (2.66b)

0o

sinf= i(

in which 8 =[(2mL?Vy/h?)(1 —¢)]?, E=¢V, and (1 —¢) measures the fraction-
al distance of an energy level above the bottom of the potential well.
Regarding 6 as the variable the solutions are the points of intersection of the
cosine or sine function with straight lines of positive or negative slope. In fact
both even and odd solutions may be obtained from a single plot of the first
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quadrant of a cosine function with the line of positive slope, +6/K where
K=2mL*Vy/h* This s illustrated in Fig. 2.7, the data used being appropriate
to F-centres in lithium fluoride, for which L=0.201 nm and ¥V,=10.53 ¢V.
Since the points of intersection occur at specific values of 6, ie. 6,/K =
(1—g,)* we obtain the eigenvalues

9. \2
E,= V0<1—Kk2> , (2.67)
: 0 =56n/2
]
1
o~ cosf 2n
‘ |
I 3r/2
x
= |
;: +0/k ~ |
8 .
|
|
n/2
|
0>

F1G. 2.7. Showing a graphical solution of the Schrodinger equation for the F-centre
treated as a particle in a finite potential well, the depth and width of which are
appropriate to F-centres in lithium fluoride.

k being a numerical label for the states. From Fig. 2.7 the first two eigenvalues
are E;=—9.77¢eV and E,= —5.22 eV. Hence the absorption peak of the F-
band occurs at a photon energy Ex=4.55 eV. At 4.2 K the experimental value
is observed to be Ez=4.95 eV so that the error is about 10 per cent. For other
alkali halides, errors of order 10-20 per cent are also found; these are
reasonable, bearing in mind the crudity of the model.

Note that we have given a convenient recipe for evaluation of the
eigenvalues. To be certain of the parity of the eigenvalues requires a full
examination of the graphical representation of eqns (2.66a) and (2.66b). For
K <in we note that sin @ and +6/K never cross in the range 0 to 1n. Hence
there is no odd solution in this range. However, since cosf decreases
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monotonically with 8 as +6/K increases then an intersection will occur
at some value, 6,, which specifies the energy eigenvalue. In other words the
only solution in the range #=0 to in is an even solution (cos 8,). Further
examination shows that only an odd solution occurs in the angular range
in—mn, a further even solution between n—3n, and so on. As
k increases the values of (1 —g,)? get ever closer to unity, so that the eigen-
values E, get closer to the top of the potential well. This analysis implies
that as 2mL?V,/h?)* = Nn/2, there is a root which alternates odd and even in
the range (1—¢)*=0-1/N, 1/N—2/N, 2/N—-3/N, etc. Taking the upper
bound of each range then we have a sequence

1 22 32 n?

1—£k=m,m,ﬁ...ﬁ

which terminates at n= N. This sequence of (1 —¢,) values is of course just the
spectrum of energy levels for a particle constrained to a box with infinitely
high walls. Also, if we start with a large value of 2mL2(V,)/h%)* and decrease
L then the states are essentially squeezed out of the well whereas as V is
decreased the states are pushed out of the well.

The treatment of an F-centre as a particle in a finite potential well has the
twin virtues of obvious simplicity and easy general applicability since the
cosine function is identical for all potential wells and particles of different
mass. Indeed the well depth and particle mass enter only through the slope
(K™1) of the straight-line graph. The wavefunctions for both square-well
potentials, infinite and finite, are obviously very similar in shape. However,
there are differences in detail. In the model based on the infinite square-well
potential the wavefunctions fall to zero at the well boundary. However, for the
F-centre modelled on the finite potential well the exponential tails of the
wavefunctions outside the potential well must join smoothly to the sine
functions at the boundaries. This result represents the fact that in quantum
mechanics the particle (electron) may extend beyond the well boundaries.
Experimental manifestations of the non-zero amplitude of i, at the vacancy
boundary include the hyperfine structure observed in ESR/ENDOR
measurements (Henderson and Garrison 1973)' and the photocurrent ob-
served when F-centres are excited in the F-band (Chapter 7).

There are other properties of F-centres which require theoretical exam-
ination, these include the width of the F-centre absorption and emission
bands, the shift in peak position of the emission band relative to the
absorption band, and the temperature dépendence of the band widths and
peak positions. All have a common origin in the coupling of the ¢lectronic

' Electron spin resonances (ESR) and Electron nuclear double resonance (ENDOR) are
discussed in Chapters 6 and 7.
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states of the centre to the vibrational motion of the crystal. Although this
subject is treated in detail in Chapter S, it is useful to consider here a simplified
version of this description which accounts qualitatively for the cruder aspects
of the experimental observations. We consider one particular mode of
vibration of the nearest-neighbour ions of the F-centre. This so-called
breathing mode involves the radial, in-phase vibrations of the six octahedrally
disposed cations in the first shell of ions surrounding the F-centre. This mode
may be viewed as the vibrations of the boundaries of the infinite potential well,
and in view of the elasticity of simple solids we may assume that the forces
which displace the ions are harmonic in the displacements. These vibrations
change the total energy of the F-centre ground state by 2kx2, k being the
spring constant and x the displacement of ions. The ground state energy is

E -~ 5 + _kx . 2.68
4 8 (2 [ ) 2 2 ( )

In an excited electronic state the different charge distribution causes the ions
to relax away from the positions appropriate to the ground state. This
relaxation is resisted by the elasticity of the crystal. The total energy of the F-
centre in the first excited state is written as

62 1
E=2| 1 | 41kx2
*~ 8m |:2(L+x)j| ik

Since in general L3 x we may expand (L+ x)~ 2 in terms of the strain, x/L, to

give "
3h 2x 2
e—m[l‘z,}f"x
=E2—Ax+%kx?
A 2 A2
:E2+%k<x—k> ~5 (2.69)

where A=3h%/8mL>* and E?=6h?/8m(2L)? is the electronic energy of the
excited state in the ionic configuration appropriate to the ground state. The
second term implies that the ions undergo simple harmonic oscillations about
a new equilibrium position x = A/k. Finally the electronic energy is reduced by
an amount A%/2k. The parabolic potential wells represented by eqns (2.68) and
(2.69) are shown in Fig. 2.8. The absorption transition occurs with greatest
probability at x =0; it is represented by the vertical arrow, AB. (We shall see in
Chapter 5 that this is a Franck—-Condon transition.) Once in the excited state
the lattice relaxes about the defect, losing vibrational energy until point C is
reached on the upper curve. De-excitation of the system is accompanied by
photon emission, the vertical transition CD; further vibrational relaxation
takes the lattice back to x =0. Obviously if the parabolae have precisely the



58 Energy Levels: Free Atoms; Optical Centres in Crystals

before relaxation

after relaxation

absorption

energy

emission

v ground state

O

A

1
0 Ak

displacement

FiG. 2.8. Showing a simple model for the optical properties of defect centres in solids
in which linear electron-lattice relaxation is limited by the harmonic restoring force.

same shape then the shift between the peaks in absorption and emission is
given by
A2

Eppe= Eem+2<2k ) (2.70)
This model gives sensible resuits for the configurational coordinate offset, A/k,
and for the excited state energy depression A2/2k. In potassium chloride
E,..=2296eV and E.,=1215eV, hence A?/2k~0.54¢V. Estimating
k=650 eV/nm? from the elastic constants of the pure crystal gives
A/k=0.04 nm. The width of the absorption band arises because the photon
interacting with the centre ‘catches’ the lattice at some instantaneous value of
the displacement, x. In consequence the energy required to excite a transition
varies because of the differences in slope of the excited-state and ground-state
parabolae about x =0. The temperature dependence of the bandwidth follows
from the greater amplitude of vibration as T increases. The infinite potential-
well model also predicts that the peak energy of the emission band will follow
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a Mollwo-Ivey law, ie. E.,oc(L+A/k)™", where n should be about 2.
Unfortunately A/k cannot be directly measured. In consequence, tests of the
model using the emission peak energies in terms of log—log plots of E,, versus
L are not very satisfacrory.

We have discussed this rather simple model not because of its numerical
accuracy but because it gives physical insight into a wide range of optical
phenomena. The model can be applied as a guide to the anticipated behaviour
in what had previously been uncharted terrain. For example, one of the
earliest evidences that sharp zero-phonon transitions were associated with F-
centre aggregates (e.g. F,, F5, F, and F3) in alkali halide crystal was that
these lines obeyed a Mollwo-Ivey relationship in which the exponent n has a
particular value for each type of centre in many different alkali halide crystals
(see also Chapter 7).

2.5.2 Continuum models for defects

One of the more successful applications of the continuum theory of defects
was to shallow donor states in silicon. Such pentavalent impurities as
phosphorus or arsenic are easily ionized, only four electrons being necessary
to satisfy the requirements of sp* hybrid bonding. However, the electron is still
attracted to the positively charged impurity through the potential energy term
—e%/dne,kr, where k is the dielectric constant of silicon. This is analogous to
the hydrogen atom; the electron has bound states which have a large orbital
‘radius’ because of the large value of the dielectric constant. As the extra
electron ranges over the semiconductor it interacts with other charges in the
solid in addition to the central charge of the impurity. To take account of the
real band structure of the solid requires that the free electron mass, m, be
replaced by an effective mass, m*, of an electron in the conduction band. The
Hamiltonian describing this modified hydrogen atom follows from eqn
(2.53a), i.e.

p2 eZ
H =i l.s. 2.
2m* 4n80xr+C(r) s (2:535)

In consequence this electron may be represented by the product of a defect-
centred ‘hydrogen-like’ function ¢(r) modulated by a periodic Bloch function
u(r) for the lowest state in the conduction band, i.e. Y (r) = ¢(r)u(r). The Bloch
function, u(r), takes account of the periodic charge density oscillations seen by
the orbiting electron as it samples a volume of crystal containing (perhaps)
several hundred atoms. In consequence, the total wavefunction ¥ (¥) must also
contain oscillations with the same lattice periodicity. If spin—orbit coupling is
neglected ¢(r) is a solution of the Schrodinger equation

(—'Zi',,z* v >¢>(r)=E¢(r> @)

4neqkr
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where E is the eigenvalue measured relative to the bottom of the conduction
band. The effective mass m* is not in general isotropic: this has the effect of
removing the degeneracy in the angular momentum quantum number m,. The
results of such a calculation are given in Table 2.3 for comparison with data
obtained from optical spectra of silicon doped with phosphorus, arsenic, or
antimony. Evidently the theory works best for p-states, which have no
appreciable probability density inside the central impurity atom. However, it
is not a good representation for 1s-states, in which the charge density is
greatest at the impurity centre, and where the perturbing potential is certainly
not described by —e?/4neykr. This is one of the problems encountered in
dealing with deeply-bound states since the electron sees a potential different
from the screened Coulomb term for a greater fraction of its time. Further-
more, one should not use the conduction-band effective mass for states which
lie as close to the valence band as to the conduction band.

Table 2.3
A comparison of theoretical and experimental energy level splittings
of shallow impurity states in silicon.

Energy level difference (meV)

Optical spectroscopy

Bound state Effective mass

splitting theory P As Sb
150> — [2p0> 18.1 345 421 318
2p0> —2p+ 1) 50 5.0 5.3 4.7
2p+1>—3p+1> 30 3.1 3.2 34

At first sight, effective mass/continuum models do not appear to hold out
much promise of application to vacancy centres in ionic crystals. The ground
states of such centres are located deep in the bandgap and are roughly s-like in
character. The anion vacancy, which has a net charge of +e, will give a
Coulombic field over most of the region in which the charge density is
concentrated only if the electron spends most of its time outside the vacancy,
since inside the vacancy the perturbing potential is neither small nor
accurately Coulombic. This effect can be illustrated by calculating the
electron charge density inside the anion vacancy, assuming hydrogen-like
wavefunctions to represent the trapped electron. From the Schrdodinger
equation (2.71) the hydrogenic energy levels are given by

1 m*e* 1 e? \(m* 1 ‘
E,——= - L | (LI B ¥ 5
" T2 @Aregh)?  nK? <4nso>< m ><2n2x2aH> (272)
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and the ground-state wavefunction is

3 *
lp,s:n‘%( m* )2 exp[—( mr )] x u(r) (2.73)
mray mKay

where a,; =0.529 x 10~ 1°m is the radius of the s orbital of the free hydrogen
atom. It is obvious that in these equations distances are scaled by x and the
energies by 1/k2. The fractional electronic charge density outside a sphere of
radius L is given by

p(L)=f Yidnridr
L

0

* 3 *
=4< " ) Jexp—(zm r)xrzdr (2.74)
mKay mKkay
L

assuming that u(r)? can be removed from the integral and replaced by its mean
value of unity. Evaluating the integral gives

m*L 1 [ m*L \? m*L
p(L)=|:1 + += ( ) exp—< ):I (2.75)

mKkay 2 \mkay mKay
where L is the anion—cation separation along a cube edge. Since the effective
mass, m¥*, is not known it is eliminated from eqn (2.75) using the exper-

imentally determined Mollwo-Ivey law. Hence using eqn (2.72) the F-band
energy is found to be

3( € m*
E.=> -0. -1.772
8 <4n£0h‘2> (maH> 097L

and since ay =4mne h?/(me?) we obtain
m*L

mray

=18k L0772 (2.76)

where both L and ay are in nanometres. Hence for potassium chloride where
2L=0.625 nm and the high-frequency dielectric constant is 2.15, we find
p(L)~0.084. In other words, some 16 per cent of the electronic charge resides
outside the first cation shell. The high-frequency dielectric constant was used
because the rather massive ions do not respond to the motion of the electron.

A simple test is to take the experimental values for E; and x and derive the
ratio m*/m using Ep=10.2(m*/m)/x?. These values are shown in Table 2.4;
they vary in a systematic way over the whole range of alkali halide crystals. In
a really continuous medium m*/m should be unity, whereas in a periodic
crystal m*/m should be that of an electron in the nearest band, provided that
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Table 2.4
The effective mass (m*/m,) for F centres in alkali halides calculated using
eqn. 2.72 with the experimental values of Eg and the high frequency dielectric
constant k. In calculating the effective dielectric constant x* the effective
mass m*/m, was assumed to be equal to unity.

LiF NaF KF NaCl KCI RbCl NaBr KBr RbBr

Er(eV) 5.0 375 290 275 230 2.10 2.35 2.15 1.85

Ko 192 174 185 225 213 2.19 2.62 233 2.33
m*/m, .51 093 081 113 0.86 0.83 1.32 0.96 0.83
K* 143 180 1.88 194 211 2.20 2.08 2.18 2.35

the wavefunction spreads over many lattice points. This seems unlikely given
the calculated value of p(L). However, measurements of p(L) using magnetic
resonance techniques (see e.g. Henderson and Garrison 1973) show that in
actuality the defect electron ranges over many shells of cation and anion
neighbours so that only about 70 per cent of the charge density resides within
the vacancy. Although the use of the continuum model appears questionable
in calculating ground-state properties it is much more reasonable in calcu-
lations related to excited states. Indeed, as we discuss in Chapter 7, the
experimental studies of the F-centre support the view that excited states are
spatially very diffuse and close to the bottom of the conduction band. In such
excited states the continuum models are both successful and quite justifiable
(Stoneham 1985).

There are many more sophisticated models of the F-centre (see e.g.
Markham 1966; Fowler 1968; Stonecham 1985). It is worth noting that the
semi-continuum model combines the best features of both the potential-well
and continuum models. Within a volume of radius R centred on the F-centre
the Hamiltonian is written as

H=p*2m+V,

where V, represents the sum of the Madelung energy, lattice polarization, and
the electron affinity. This latter term is required to measure energies relative to
the bottom of the conduction band, rather than the vacuum level. For r> R an
effective mass approximation is used, and the Hamiltonian is

H =p?2m* —e?/AneoK'r (277

where m* is the effective mass at the bottom of the conduction band and «’ is
an effective dielectric constant. The form of the potential for F-centres in
sodium chloride is shown in Fig. 2.9. Photon energies corresponding to the
peaks of the absorption and emission bands of the F-centre in sodium
chloride were computed to be 2.80 eV and 1.24 eV respectively (Fowler 1968),
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Fic. 2.9. The results of a semi-continuum calculation of the ground (1s) and excited
(2p) state energy levels of the F-centre in sodium chloride in absorption (——) and in
emission (——-). For convenience the energy of the crystal with the electron in the
conduction band is chosen to be the same, and a comparison of similar energy levels
for absorption and emission is not meaningful. (Adapted from Fowler 1968.)

values reasonably in accord with the experimental peaks at 2.70 eV and
1.08 eV. Note that the Stokes shift between absorption and emission peak
energies arises because of the small outward relaxation of the nearest-
neighbour ions. Furthermore the relaxed excited state is determined to be
~0.12 eV below the conduction band compared with the experimental value
of 0.09 eV (Chapter 7). The calculated oscillator strength for absorption is
f~1.0, corresponding to a radiative lifetime of 7 ~67 x 10~ 8s: the measured
lifetime is about 100 x 10~ 8s. (Oscillator strengths and radiative lifetimes are
discussed in Chapter 4.) These theoretical results are obtained using an
effective dielectric constant k'=4.21 for sodium chloride, midway between
high-frequency (2.34) and static (5.9) values.

2.5.3 Continuum models of vacancy aggregate centres

Under appropriate conditions, isolated F-centres may be caused to cluster
together in near-neighbour sites to form aggregate centres." The simplest
aggregate centre involves two nearest-neighbour anion vacancies along a
{110) direction, in which may be trapped one, two, or three electrons so
creating F5 , F,, or F -centres, respectively. If three anion vacancies cluster
in nearest-neighbour sites in the (111) plane* then F3, F;, and F3 -centres

t A detailed discussion of these centres is given in Chapter 7.
+ (We use the usual crystallographic convention: (hkl) is one member of the {hkl} family of planes
and [hkl] is a particular one of the (hkl) family of directions in a crystal.)
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result from the trapping of two, three, and four electrons, respectively. There is
no reason why the continuum model should work better for aggregate centres
than for the generating F-centre. Nonetheless it has been used, and with
considerable success, for F3, F,, and F;-centres. Consider the F; -centre
which is represented as an HJ molecular ion embedded in a dielectric
continuum. The H3 ion is the simplest molecular structure—a one-electron
system in which the two nuclei are in fixed positions a distance R apart. The
one-electron Hamiltonian is

h? e (1 1 1 ,
H=— VZ— —t—— 2.78
2m* 47180K(r1+r2 R> 2.78)
where r,, r, are the distances of the electron from the centres of the vacancies.
The simplest (unnormalized) wavefunctions are

oy =18, +|1sp)
and (2:79)

af =I1s,>—ls)

where |1s, 5> are hydrogen (1s) wavefunctions on nuclei A and B, respectively.
The one-electron orbital states are labelled according to the orbital angular
momentum about the molecular axis, L=Ah, having values given by
A=0(o-state), A=1 (n-state), etc. A subscript g or u indicates that the orbital is
of even or odd parity, respectively. The energies of these lowest-lying o-states
are given by

H 12 H 1,
E,= 115 (2.80)
where S is the overlap integral (1s,|1sg), #,=1s |H# |1s,), #H1,=
(1s 4] # |1sy > and the positive sign refers to the o states. Such a molecular
orbital method gives the binding energy of Hy as 1.8eV at R=0.62nm
(appropriate to potassium chloride), a result in error by about 1 eV. The first
series of excited states is obtained by combinations (1s, 2s) and (1s, 2p) of
hydrogenic wavefunctions centred on the nuclei A and B.

The dielectric continuum model for F; -centres developed by Herman et al.
(1956) does not require detailed solution of eigenvalues for each state, it
requires only that the effective mass, m*, and the dielectric constant, ; be used
as adjustable parameters. It is useful to introduce the new coordinates

m*r

,

r

"~ omk
such that the Schrodinger equation becomes

HY ) =EY )
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which has eigenvalues
mx

: E(H;). (2.81)
m

E'=

One therefore obtains eigenvalues E which have the same relationship to R as
exist between E and R for the free H ion. The energy levels for the H; centre
are compared in Fig. 2.10, with the lowest eight transitions observed by
polarization spectroscopy for F -centres in potassium chloride. The best fit
to the experimental data is found for a molecular separation of R=0.17 nm.
The value determines both k and R, the respective values of which are 2.33
and 0.396 nm. The agreement is remarkably good. Of course, the model does
not predict the small splitting of the 2pn, state which arises from the
orthorhombic symmetry of the centre.

A similar model has been used for the F,-centres and with correspondingly
good agreement. In this case, however, fewer experimental transitions have
been identified. The Hamiltonian for this two-electron system is

—h? 2 /1 1 1 1 1 1
%=2m*(V§+V§) ¢ < +—+*+————~>

Ameok\r41 Taz T Tey T2 R

where the suffixes 1 and 2 refer to electrons and A and B to the nuclei. The
states are now labelled according to the total orbital angular momentum
L=Ah, where A=I, +1,, measured about the molecular axis. By convention
Y implies A=0, IT implies A=1, etc. Assuming xk=2.22 and R=0.444 nm,
Herman et al. (1956) compute that the ', —'Z, energy-level splitting is
1.62 eV whereas the measured 'X,—'II, transition energy is 2.01 eV. Exper-
imentally the observed transition energies for potassium chloride are 1.55 eV,
2.23 ¢V, and 2.30€V. Again the splitting of 0.07 ¢V in the 'II, state is not
predicted theoretically.

Finally we discuss the electronic states of the F5-centre. The ordering of
states has been determined by Silsbee (1965), who adapted the theoretical
results of Hirschfelder (1938) for the H; molecule using the continuum
approximation. For such centres the one-electron orbitals are constructed by
taking linear combinations of ®,=|1s;) orbitals centred on each of the three
vacant sites. The ground-state wavefunction, labelled a,

a,=0,+®,+, (2.82)

has a high electron density between the vacancies and at the centre of the
triangle. Two other independent linear combinations of these functions are
degenerate: these functions

20,0, - ;) (E,)

C@-0) (B 25

have a low charge density between the F-centres and zero charge density at
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Fic. 2.11. (a) The one-electron molecular configuration orbital used to construct
ground and excited state energy levels of F;-centres in alkali halides and (b) calculated
energy levels of H; molecules plotted as a function of interionic distance. The vertical
dotted lines refer to lithium fluoride. (After Hughes 1966.)

the centre of the triangle. They have a higher energy than the a, orbital. A
molecular orbital calculation gives an energy separation between the a, and e
orbitals of AE~2¢eV. Invoking the Pauli exclusion principle and filling
orbitals according to the ordering of energies the ground-state configuration
for the F;-centre is found to be (a,)*(e). The two electrons in the a, orbital
have their spins aligned antiparallel. Consequently the F;-centre has a *E
ground state. By similar arguments we find that the F; and F; -centres have
ground states of A, and 'E symmetry, respectively.
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Possible excited configurations of the F;-centre may be formed from
(a;) (e)* and (e)®. These are shown in Fig. 2.11a as 2A,, 2E, *A,, 2A,, and 2E.
Allowed electric dipole transitions can only be made to spin doublet states.
The energies of these states for the H; molecule are shown in Fig. 2.11b. Also
indicated are the values of the internuclear separation appropriate to lithium
fluoride for which k=196 and R=2.94 qa, (after scaling by ). Hence we
determine E(*A4,)—E(*E)=3.5¢V for the F,;(2) transition energy. Exper-
imentally the peak of the F5(2)-band occurs at ¢. 380 nm, which is very close to
the predicted value.

For all these aggregate centres the continuum approximation gives a
reasonable interpretation of the main spectroscopic results. The justification
for the use of the model is this qualitative success. However, accurate
calculations require much more sophisticated theoretical techniques (Fowler,
1968, Stoneham, 1985).

2.6 Crystal field states of a single 3d electron

For the transition metal ions of the first series with the outer 3d” electron
configuration the interelectron Coulomb interaction, #’, and the crystal field
energy, # ., are comparable. Hence these ions can be treated as intermediate
or strong crystal field cases. They are usually treated by the strong crystal field
approach as are the ions of the second and third transition metal series, 4d”
and 5d", respectively. In this section we consider a single 3d electron in a
crystal field; ie. the electronic configuration of the Ti** ion. The more
complicated case of many d electrons is considered in Chapter 3.

2.6.1 (3d)! electronic configuration in an octahedral crystal field

To illustrate the application of crystal field theory we consider an ion having a
single 3d electron outside the closed shell structure situated in the octahedral
site, shown in Fig. 2.4(a), a distance a from any one of the six neighbouring
ions, each with charge — Ze. In this case the electrostatic potential (eqn 2.55)
becomes

Vix,y,2)=V,+V,+V, (2.84)

where
Ze 1 1
Vi=— 2, 2 Tt 3.3 EY
dney | (r* +a*—2ax)*  (r*+a’+2ax)?
with corresponding expressions for ¥, and V,, and r*=x”+y?+z> The

crystal field Hamiltonian due to this octahedral arrangement of six neigh-
bouring ions is #%" = —eV. Assuming r<a and expanding up to terms of

(2.85)
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sixth degree we obtain after some straightforward but tedious algebra
—16Ze 35Ze 3
C V(x,y.2)= 0Ll 4, 4, 4\ " a4
(x,y,2) [4n£o a +4nso4a5 [(X Y47 Sr ]
21Ze
4ney2a’

[(x6+y6+26) (2.86)

15 15
_+_z_(x2y4+x2z4+y2x4+y224+22x4_+_22y4)_14’.6:|.
It is convenient to express this crystal field Hamiltonian in spherical
harmonics, eqn (2.57). Inserting the six appropriate sets of value for 6,, ¢, in
this expression and putting a,=a for each we obtain (Sugano et al. 1970)

2 4 i
0 =2° [6+;;—5{ca4’(6, ¢)+<—fz>2 (cr)(e, $)+C,0, ¢))H

4re, | a

+r® terms+ . . . (2.87)

where r(r, 6, ¢) is the position of the 3d electron. We must evaluate the effect of
A9 on the 3d electron states, ignoring configuration mixing. In the case of d
electrons, with [=2, we recall (eqn 2.59) that we do not need terms in #
greater than fourth power in r.

The first term in (2.87) is neglected since it contributes the same constant
energy to each state. We calculate the matrix elements of the remainder of
#% within the 3d configuration of states, |3dm,>. The diagonal matrix
element for the |3d0) state is obtained with the aid of Table 2.2. Tt is

1 7Zée? 6
On _ ay L0
{3d0| #"|3d0) dmey 205 i o 6Dq

where
1 35Ze? 2

=F804—05_ q= 105 GO (2.88)

The parameters D and q always occur as a product. Hence Dg can be regarded
as a single parameter which characterizes the strength of the octahedral
crystal field. Other matrix elements can be similarly calculated, and we list the
non-zero matrix elements:

(3d0| #°*3d0Y =6Dq
(3d1]#% 3d1)=(3d— 1| #%3d—1)= —4Dq
(3d2| #00 3d2) = (3d —2| #%*|3d—2)=Dq
(32| #%3d—2)=(3d—2|#%|3d2) =5Dq. (2.89)
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The Hamiltonian matrix

32 | Dg 0 0 0 5Dgq
3d1 0 —4Dg O 0 0

30 | 0 0 6Dg O 0 (2.90)
3d-1] 0 0 0 —4Dg 0
3d-2|5Dg 0 0 0 Dgq

is easily diagonalized to obtain the eigenstates and eigenvalues. We see that
the |3d0), |3d1), |3d—1) states are exact eigenstates, whereas the |3d +2)
states are mixed. There are two eigenstates with eigenvalue 6Dq, and three
eigenstates with eigenvalue —4Dq. The most common form of these eigen-
states is

1
, 5 \2[3z2—r2
¢eu=|3d0>=R3d(r)<4n> (T)
2.2

L L '
¢e,7=<1)2(|3d2>+|3d—2>)= sd(r)<5>2 TR 291
2 4n

2r?
These are the e crystal field orbitals and have energy 6Dg.

1
. o
¢12§=<2l~%>(|3d1>+|3d—1>):R'3d(r)<a> 3(%)

1
1 5\2 _,
dnz.,:—(2;)(|3d1>—|3d—1>)=de(r)<a) 3<§>

1
. N
b= (;q)(l3d2>—|3d—2>)=de(r)<z7;)2 #(2) en

These are the t, crystal field orbitals and have energy —4Dq.

Thus the octahedral crystal field splits the fivefold degenerate 3d level into a
doubly-degenerate level with additional energy +6Dq and a triply-degenerate
level with additional energy —4Dgq, as shown in Fig. 2.12. The general symbol
for the crystal field orbital is ¢r,, where I" refers to either t, or e. The
significance of these labels will be understood when we discuss the symmetry
of the crystal field using group-theoretical methods. The angular properties of
the ¢r, orbitals are illustrated in Fig. 2.13.

The magnitude of the parameter Dq can be measured spectroscopically; the
agreement between the experimental value and that calculated using eqn
(2.88) is not good. This lack of agreement reflects the crudeness of the point
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FiG. 2.12. A single outer 3d electron in the central field of the nucleus and of the inner
electron core has energy E, and has fivefold orbital degeneracy. This level splits in two,
separated in energy by A=10 Dyg, in the presence of an octahedral crystal field.

ion model. In a more rigorous model the neighbouring ions would be treated
as extended ligands. Nevertheless, the point ion model correctly describes the
symmetry of the crystal field. Indeed, Sugano et al. (1970) show, on general
symmetry arguments, that the octahedral crystal field Hamiltonian has the
form

1
Jf’?“(r)———D(V)[C“”(@ ¢)+ ( ) {C(0, $)+CLL(0, ¢)}]
(2.93)

where the integral (D(r)>;4 is given the value 21Dq to conform to our
previous analysis. Thus Dq is regarded as a parameter, the value of which is to
be determined by experiment.

It is sometimes useful to use the coordinate set shown in Fig. 2.14 in which
the Z-axis is paraliel to the [111] direction of the crystal and the X, ¥, Z-axes
are referred to as the trigonal axes. Their orientation relative to the cubic axes
are shown in this figure. The coordinate transformation between trigonal and
cubic axes is

1 1 1

¢ ¢%Z
y¢ ¢ N

vy

3

VA
3
= 1 (2.94)
3 .
The energy of interaction of an electron at r with the octahedral crystal field

can be expressed in coordinates referred to the trigonal axes (Sugano et al.
1970) as

1
%?h=D’(r)[CB4’(9, ¢)+<§)2 {(C0, )= C 6, W}

+terms with k=6, etc. _ (2.95)
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Z[111]

F1G. 2.14. The orientation of the trigonal axes (X, Y, Z) to the cubic axes (x, y, z) and
the six equidistant ions causing the octahedral crystal field. The six ions are shown
grouped into two triangles whose planes are perpendicular to the Z-axis.

The relationship between D'(r) of eqn (2.95) and the octahedral crystal field

parameter Dq is given by (D'(r) >34= — 14 Dq. Useful crystal field orbitals for
the t, and e states in terms of trigonal coordinates are

biyxo=R5a() Y3

b1, =R34(r) —<
- /9\3 | 1
2 2
Grr = ':sd(r)_<§> Y%‘(g) Yz—lil
_ 1 1 2\3
2 2
¢eu+=R/3d(r)__(§> Y2‘2+<3> Y;]
[ /1 % 2\2
¢eu- =R/3d(r) <§> Y§+<§> Y2_1:| (296)

The general symbol for these orbitals is ¢r,, and the coordinates in eqns
(2.95) and (2.96) refer to the trigonal axes. The relationship between ¢y,
referred to the trigonal axes and ¢, referred to the cubic axes is written

drm=2, ¢, <IYITM ) (2.97)

The numerical coefficients {I'y]’M >, which are elements of a unitary matrix,
are tabulated in Sugano et al. (1970).



74 Energy Levels: Free Atoms; Optical Centres in Crystals

2.6.2 The distorted octahedron: lower-symmetry crystal fields

Sites of perfect octahedral symmetry are encountered only in simple crystals;
lower-symmetry sites are the more common occurrence. Consider the case in
Fig. 2.15 where the octahedral arrangement of Fig. 2.4(a) is distorted, the
distances from the origin to the ions along the +z cubic axes being equal but
different from the distances from the origin to the ions along the +x, +y
cubic axes. This arrangement produces an electrostatic field of tetragonal
symmetry (indicated by the label D,). If the appropriate values of a;, 6,, ¢, are
substituted in the point-ion Hamiltonian (eqn 2.57) we find that the crystal
field Hamiltonian contains factors C{ (6, ¢), C$V (0, ¢), C{ (0, ), and
C%, (0, ¢), etc. From more general symmetry considerations Sugano et al.
(1970) have shown that the most general tetragonal crystal field Hamiltonian
has the form

8

F1cG. 2.15. Tetragonally-distorted octahedral arrangement of ions. The distances from
the origin to the two ions along the +z directions are equal but larger than the
distances from the origin to the four equidistant ions along the +x and + y directions.

H(r)=AMCH (0, $)+Br)C (6, ¢)

+D(r)[ca4’ o, ¢)+<1~54>5{C&4’ 0, )+ C¥, 0, ¢)}]

+ higher-order terms . . . (2.98)

where the coordinates are referred to the cubic axes. We see that eqn (2.98)
contains a term of octahedral symmetry (compare eqn 2.93); the remaining
low-order term in C§ and C§" is independent of ¢ and so is invariant under
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rotation through any angle ¢ about the z-axis. This term contributes a crystal
field of axial symmetry. If the distortion from perfect octahedral symmetry is
small then it is appropriate to first calculate the eigenstates for octahedral
symmetry and then to include the axial field as a perturbation.

Another common distortion of the perfect octahedral arrangement results
in a site of trigonal symmetry, as is illustrated in Fig. 2.16; the six ions of an
octahedral environment are shown grouped into triangles of ions relative to
the trigonal axes (see also in Fig. 2.14). If the two triangles are farther
displaced along the + z trigonal axis than strict octahedral symmetry requires
then the resultant crystal field has trigonal symmetry (indicated by the label
D;). The most general trigonal crystal field Hamiltonian has the form

H (=A(CF 0, §)+B'(nNC O, ¢)

1
+D'(r)[ct;“ @, ¢>+(§>2 (C(0.)+C . ¢>>}]

+ higher-order terms . . . (2.99)

2
>
o—1"

Fic. 2.16. A different view of the octahedral arrangement of ions showing them
relative to the trigonal axes. If the two triangles of ions are displaced through equal
distances along the +z directions the resultant arrangement has trigonal symmetry.

where the coordinates are referred to the trigonal axes (Sugano et al. 1970).
This formula contains an octahedral crystal field component (compare eqn
2.95) and an axial crystal field along the trigonal z-axis.

The effect of an axial crystal field on the 3d octahedral crystal field levels
can be calculated using Table 2.2. In tetragonal symmetry the u, v and &, , {
functions are still eigenstates of the tetragonal crystal field Hamiltonian but
there is an additional energy and a splitting due to the axial component of
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the crystal field. The splittings and eigenstates are shown in Fig. 2.17 where
{A>={A(r) >34 and (BY>={B(r))34. The effect of a trigonally distorted
octahedral crystal field is calculated similarly. The octahedral component
splits the 3d states into e and ¢, levels (Fig. 2.12). The effect of the trigonal field
is then introduced. Using octahedral basis functions (eqn 2.96) we find that the
X orbital is an eigenstate of the trigonal field. However, the axial field mixes
both the u, and x, functions and also the u_ and x_ functions, and in
consequence the e level shifts but does not split, whereas the ¢, level splits in
two (Sugano et al. 1970).

splitting
u
- // 4 5
e . 7<A)—E<B>
v
A =10Dq
én
- 3 5
f2 <2 FCAY =57 <B>
¢

Fic. 2.17. Splitting of the octahedral 3d levels when the crystal field is reduced from
the octahedral to tetragonal.

2.6.3 (3d)! Electronic configuration in a tetrahedral crystal field

We now develop a formula for the crystal field energy for a single electronin a
field of tetrahedral (7,) symmetry. As Fig. 2.4(b) shows such a crystal field is
due to four point charges, — Ze, placed at the vertices of a regular tetrahedron.
Inserting the appropriate sets of values of 0,, ¢, and putting a,=\/ 3a we
obtain

s ZA[ 4 J4 e )]
HE O ey [m" ONEWE (er00-car0

1
Ze? E r @ (i)i( @ p c.(9 )}]
‘R[MMS{C‘) 0.9)+( ) (C¥O.H+C00.9)

+ higher-order terms . . . (2.100)

As in the octahedral case we neglect the constant first term. Equation (2.100)
contains an odd-parity component to the crystal field energy formula which
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arises because the tetrahedral arrangement of ions in Fig. 2.4(b) lacks
inversion symmetry. Since there are no matrix elements of this odd-parity
component within the same (nl) configuration it makes no contribution to the
crystal field splitting for a 3d electron, and only the term in r* needs to be
taken into consideration. The small admixture of odd-parity wavefunction
into the even-parity 3d wavefunction may, however, significantly affect the
strength of the radiative transitions involving 3d electrons.

The remaining even-parity term (in r*) has the same functional form as the
octahedral crystal field term (compare 2.87). Since the distance from the origin
to one of the neighbouring ions in the octahedral case is a while it is \/ 3ain
the tetrahedral case (see Fig. 2.4) we see that when the distance from the
electronic centre to the neighbouring ions is the same the octahedral crystal
field energy is larger than the tetrahedral field energy by a factor of 2 and is of
opposite sign. Hence all calculations of crystal field splittings carried out for
the octahedral crystal field case can be used for the case of the tetrahedral
crystal field case with the appropriate change in value of the parameter,
Dg—reversing its sign and reducing its value from the octahedral case.

Finally, the cubic crystal field shown in Fig. 2.4(c) is made up of two
tetrahedral components in an arrangement possessing inversion symmetry.
The odd-parity terms of the two tetrahedral fields cancel while the even-parity
terms add together. Hence the cubic crystal field interaction energy is an even-
parity function of r, the term in r* being of the same functional form as in the
tetrahedral field but twice as large. The relationship between the strengths of
these three crystal fields is

Dq (octahedral)= —2 Dgq (tetrahedral)= —§ Dgq (cubic)

The calculation of the splitting of the multi-electron (3d)” states by a crystal
field is more complicated than in the case of a single 3d electron. It is then
helpful to take advantage of the symmetry of the crystal field using the
procedures of formal group theory, and it will repay us next to develop an
understanding of those aspects of group theory appropriate to our analysis of
crystal symmetry.



3

Symmetry and group representation theory

SYMMETRY is a common everyday feature in the physical world. Our
modern cities are often laid down on a rectilinear grid, and the buildings
thereon possess external features related to one another in a regular manner.
If we can catch and observe a snowflake we will find that it displays sixfold
rotational symmetry, whereas a ball-bearing looks much the same no matter
how it is rotated. The property of any object which shows how its appearance
behaves under translations, reflections, rotations, etc., is said to be its
symmetry. However, it is not simply the external forms of everyday objects
which display symmetry. The physical properties of quantum systems depend
as much on spatial arrangements of the components as on their chemical
composition. Crystals have a high degree of internal symmetry which may be
exhibited in their external shapes. The symmetry properties of crystals are
described in terms of a number of operators—inversion, rotation, reflection,
and translation operators, all being required in the more general case.
Translational symmetry requires that the energy eigenfunctions must be
classified by the so-called Bloch waves, useful in the description of electron
transport behaviour of crystals. Finite molecules do not possess such periodic
structure, and we need only consider local operators e.g. inversion, reflection,
and rotation, when discussing their symmetry. Isolated active centres are also
sensitive only to this restricted set of operators; we are concerned only with
the local symmetry of the centre and its environment.

3.1. Fundamentals of group theory

3.1.1 Symmetry and symmetry operators

In mathematical terms a symmetry operator involves a linear transformation
of the coordinates. To see the meaning of this consider the cube in Fig. 3.1. We
show two planes ABCD and EFGH, each of which divides the cube into two
equal halves. In addition each of these planes acts as a mirror plane in that
each point on one side of the plane is the mirror image of a corresponding
point on the other side of the plane. An axis of symmetry is an axis which takes
the cube into an identical position on rotation through some suitable angle
about this axis. The angle of rotation is given by 2x/n radians where n is an
integer for an n-fold rotation axis. This is illustrated by the fourfold rotation
axis, C,, in Fig. 3.1; such an operator rotates the cube through 90°. Inversion
through the origin of coordinates takes a point with coordinates (x, y, z) to the
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Fic. 3.1. Mirror planes, rotation axis, and inversion centre (I) of a cube.

point (—x, —y, —z). The centre, I, of the cube in Fig. 3.1 is an inversion centre
since every point on the cube face, on inversion through I, becomes another
point on the cube face. The cube has inversion symmetry through its centre.
Mathematical functions can also exhibit symmetry properties. The function

g(xX)=ag+a,x* +a,x*+ ... (3.1)
is an even function, whereas
u(x)=a;x+a;x3+asx>+ ... (3.2

is an odd function.

3.1.2 Group theory and quantum mechanics 1

The classification of the eigenstate of the free-ion Hamiltonian s, (eqn 2.29)
in terms of L, S, M;, Mg comes about because the free-ion Hamiltonian
commutes with the L and S operators, that is, it commutes with the operator
which rotates the coordinates through any angle about any axis. When the ion
is in a crystal field the Hamiltonian (eqn 2.53) is invariant under a restricted
set of rotation operators. In this section we investigate how the energy levels
and wave functions of an electronic centre in a crystalline solid are influenced
by the symmetry properties of its Hamiltonian.

As a simple example consider an electron moving in the electrostatic field
originating on four equal point charges — Q in the xy-plane, each a distance a
from the origin, as shown in Fig. 3.2. The Hamiltonian is

_p2 Qe[ 1 4 1
“2m [(@—x)?+y*+22]*  [(a+x?+y*+22 ]}

2m  4me,
+ L + ! (3.3)
[(a—yP+x*+221F  [(a+y)?+x2+y* ] | '
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Fic. 3.2. Arrangement of four equal point charges creating an electrostatic crystal
field in which an electron moves.

We see that this Hamiltonian is unchanged if we make a transformation of
basic functions: x—y, y—» —x, z—z. It is similarly unchanged under the
transformation x— —y, y—x, z—z. These are rotations of the basis functions
X, y, z through +1x about the [001] axis. We label such rotation-of-function
operators RF)(+1rn), and we see that these operators commute with 3,
ie. [R¥F)(+4in), # 1=0. It follows that if Y is an eigenstate of # then
R® (+im)y is also an eigenstate of # with the same energy.

The reason why the Hamiltonian is invariant under the rotations of basic
function through +4x about the [001] axis is that the arrangement of point
charges is invariant under the interchange of ions 1-»2,2—-3,3—-4,4—1 and
under the interchange 1 »4,2—1,3—-2, 4-3. That is, the arrangement of ions
is invariant under the rotation of axes through +1n about the [001] axis. We
label these rotation-of-axes operators R (+1n). The arrangement of ions is
also invariant under the interchange 1 -3, 2—4, 5—6, that is, under inversion
of axes. It is a simple matter to check that # is invariant under the inversion
of functions operator, which changes r— —r.

We now generalize these ideas. Consider a Hamiltonian describing an
electronic system which is interacting with an arrangement of static charges.
Associated with each transformation-of-axes operator which leaves the
arrangement of ions invariant is a transformation of functions operator which
leaves s invariant. It is easier to recognize and discuss the symmetry of an
electronic system interacting with the arrangement of static ions in terms of
the transformation-of-axes operators, so we will particularly concern our-
selves with these operators. It is instructive now to examine the relationship
between the rotation-of-axes operator and the analogous rotation-of-func-
tions operator. We adopt the more usual notation, C,(axis), to indicate a
rotation through 27/n about some particular axis.

Consider the electronic orbital x exp(—r/a) shown in projection on the xy-
plane in Fig. 3.3(a). Under C{’(001) the axes are rotated into the arrangement
shown in Fig. 3.3(b). In terms of these axes the orbital is now described by the
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F1G. 3.3. The relationship between a rotation of axes and a rotation of function.

function —yexp(—r/a). Let us consider the inverse rotation, C¥)(001),
applied to the basic functions. This changes functions x— —y, y—x, z—z,
and when applied to the original orbital it changes it to —yexp(—r/a),
as shown in Fig. 3.3(c). Both transformations yield the same result:
x exp(—r/a)— —yexp(—r/a). We see that carrying out a rotation-of-axes
transformation is equivalent to carrying out the inverse rotation-of-functions
transformation.

In Fig. 3.4 we show some of the rotations of axes which leave invariant the
octahedral arrangement of ions shown in the figure. This is called an oc-
tahedral arrangement. These rotations also leave invariant the cube and the
octahedron shown in the figure. The six C, rotations are through +1xz about
each of the (001 )-type directions. The six rotations of = about the {(110)-type
directions are labelled C’, to distinguish them from the = rotations about the
{100)-type directions. There are also eight C, rotations about the (111)-type
directions. These 23 rotations plus the identity transformation, E (which we
can think of as a rotation through 2n) constitute a mathematical group—the
octahedral group of rotations. This group is labelled O.

These rotations which are about axes through the origin are examples of
point transformations in which a point (the origin) is fixed. As noted above
there are three kinds of point transformation:
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z 6C,.3C,

F1G. 3.4. The arrangement of six equally-charged ions, each in the centre of a cube
face, is called an octahedral arrangement. (We obtain the octahedron by drawing lines
between adjacent ions, as shown in the figure.) The rotations which leave invariant the
cube, octahedron, and octahedral arrangement of ions are indicated. The six C,
rotations are about each of the six {(100)-type directions. Only one C, direction is
shown in the figure—that along the + z-direction. The three C, rotations are about
[100], [010], [001] directions—the cubic axes. The eight C; rotations are about the
eight (111)-type directions. The six C’, rotations are about {110)-type directions, the
primes serving to distinguish these from the C, rotations along the three cubic axes.

1. rotation about an axis through the origin,
2. reflection in a plane containing the origin,
3. inversion i (r— —v).

We see that in addition to-the group of 24 rotations already listed there are
a number of reflection transformations which leave the octahedron invariant,
and the octahedron is also invariant under inversion. Each of these symmetry
reflections can, however, also be achieved by applying both a symmetry
rotation and an inversion to the octahedron. The group of rotations, O, plus
the inversion, i, covers all the point transformations which leave the octa-
hedron invariant. This larger group is labelled O, and one writes O, =0 xi. O,
contains 48 elements. These are the 24 rotation operators of the O group, and
the 24 rotation-plus-inversion operators.

The symmetry properties of the arrangement of ions about the electronic
centre and hence the symmetry properties of the Hamiltonian of the electronic
centre can best be exploited by applying the arguments and analyses of group
theory, and the time spent in acquiring an understanding of the formal
methods of group theory and in learning how they are applied to our
quantum mechanics problems is well worth while. One very surprising result:
despite the very large numbers of molecules and solids which exist in nature,
there is only a small number of symmetry types. Once we have deduced the

R e T,
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symmetry properties of the system then a brief consultation of a short
character table reveals an amount of detail about its quantum mechanical
behaviour. By symmetry considerations alone we can:

1. Deduce angular dependences of the system’s electronic and vibrational
wavefunctions

2. State the possible degeneracies of the energy levels of the system

3. Deduce whether or not static perturbations remove these degeneracies

4. Deduce the selection rules which govern transitions between states.

Thus group theory reveals much about the behaviour of a physical system
even before we solve the equations of motion for the system. The amount of
labour needed to complete quantum mechanical calculations is thereby
reduced enormously. In the next section we introduce some basic definitions
in group theory, stating without proof some fundamental theorems, and using
as examples groups of point transformation operators. Our aim is to
demonstrate how and why group-theoretical ideas facilitate the quantum
mechanical analysis of electronic systems in crystals. For a formal and
rigorous discussion of group theory, especially as it applies to solid state
physics, the reader can consult, for example, the texts by Tinkham (1964),
Heine (1960), and Elliott and Dawber (1979).

3.1.3 Properties of groups and sets

A set of entities is only a collection if no relationship among the entities is
implied. The elements of a set which bear a relationship with each other
constitute a group. Any set may be divided into a number of subsets each
comprising a fraction of the elements in the set.

By a group is meant a set of elements

E,A, B C,...,R,...
which can be ‘multiplied’ together under the following rules:

1. The set is closed under group multiplication. If 4 and B are elements in
the set, then the product AB is also a member of the set. Note that 4 and B are
an ordered pair since BA does not necessarily yield the same element as AB.

2. The associative law holds: A(BC)=(AB)C.

3. There is an unit element E: ER=RE=R for every element in the set.

4. For every element A there is an inverse element 4~ ! which is also an
element in the set. The inverse element has the property A4 '=A4"'A=E.

We are mainly concerned here with groups of point transformations
applied to axes or functions. We assume that the group has a finite number of
elements. This number is called the order of the group and is labelled h.

As an example of (1) we consider the octahedral group of rotations (O) and
apply two rotation transformations C,(001) C,(100), where the order means
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that C,(100) is applied first. This product operator is equivalent to a single
rotation transformation C;(111), as Fig. 3.5 shows. Rule (4) says that for each
rotation-of-axes operator in the group, the inverse rotation of axes is also in
the group. We recall now that carrying out a rotation-of-axes transformation
is equivalent to carrying out the inverse rotation to the functions. Hence
we see that there is a one-to-one correspondence between the group of rota-
tion-of-axes operators which leave the arrangement of ions invariant
and the group of rotation-of-functions operators which leave invariant the
Hamiltonian of the electronic centre. If a rotation C, applied to the axes
leaves the arrangement of ions invariant, the same rotation C, applied to
functions leaves the Hamiltonian invariant.

[o01]

[111]
[100] Jé;-[m 0]

C,(100) C,(001)
y > Z

—_— X
X X/ r4

c,(111)
y >
X i

FiG. 3.5. A pair of rotation axes transformations C,(001)C,(100) is equivalent to a
single rotation C4(111).

Elements A and B are said to be in the same class if there exists an element R
of the group such that 4=RBR ™. E forms a class by itself. If we apply the
three rotations C_,(100) C,(001) C,(100) we find that this is equivalent to a
single rotation C,(010), showing that C,(001) and C,(010) are in the same
class. It is not difficult to see that in the octahedral group of rotations the six
C, elements form a single class, the eight C, elements form a class, the six C’,
elements form a class, and the three C, elements form a class. Together with
the E element, which forms a class by itself, there are five classes in the
octahedral group.

3.1.4 Group representations.

For our purposes we define a representation of a group as a set of square
matrices in a one-to-one correspondence with the original group. The square
matrix corresponding to a group element R is written D(R). D(E) is the unit
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matrix. The group multiplication appropriate to the group of representation
matrices is ordinary matrix multiplication.

If we have one such set of matrices, D(R), then we can generate a second set
D’(R), by applying the same unitary transformation to each member D(R):

D'(R)=U"'D(R)U. 3.4

Since a similarity transformation leaves matrix equations unchanged the set
D’(R) is a group in an one-to-one correspondence with the group D(R).

An unitary matrix U has the property U~ '=U'=0* where f, ~, *
indicate adjoint, transpose, and complex conjugate, respectively. In terms of
elements of the matrix this property can be written

(U-l)ij=(UT)ij=(U*)ji- (3~5)

A transformation of one set of orthonormal basis functions spanning a
function space into another set of orthonormal basis functions spanning the
same space is an unitary transformation and is represented by an unitary
matrix.

All groups of representation matrices D'(R) which can be obtained from
another group D(R) by means of a similarity transformation are said to be
equivalent. We do not distinguish between equivalent representations: We are
concerned with enumerating the inequivalent representations.

One method of creating a representation of a group of operators which is
particularly relevant for our purposes is as follows. We find a space of
functions which is closed under the group of operators. Let ¢; be a set of
orthonormal basis functions for this space. If we operate on ¢; with R, one of
the operators of the group, we obtain another function also in the space. We
can write

R¢i =Z ¢jDﬁ(R) (3-6)

where D;;(R) are the components of a square matrix. The set of matrices D(R)
is a representation of the group of operators.
As an example consider C,(001) which transforms the basic functions
(x y z) into (y —x z). This can be written
0o -1 0
C,00)(xyz)=(y —x2)=(xy2) 1 0 0 |. 3.7
0 0 1

We can regard x, y, z as basis functions for a three-dimensional function space
which is invariant under the O group of operators. The representation matrix
D(C,(001))is the 3 x 3 matrix shown in eqn (3.7). Similarly, the representation
matrix D(C5(111)) using the same basis functions is

00 1
1 00
010



86 Symmetry and Group Representation Theory

In another example we consider the five-dimensional space with the
spherical harmonics, Y% (6, ¢) as functions; this space is closed under 0. With
these basis functions we can generate a representation in 5x 5 matrices.
Ordering the basis functions as Y2, Y1, Y9, Y, !, Y;2 we find that the
representation matrix for C5(111) is

IR e T
-3 3 0 3 3
DCy11)=| — /3 0 — 0 —/3 (3.8)

R S NTE

o O =
[NTETI Y

v

Referring again to eqn (3.6) we can generate another representation by
choosing a different set of orthonormal basis functions y/; where

‘//zzz ¢j Uji (3.9)
J
and we also have the inverse transformation
¢k=;l//l(U_1)lk' (3-10)

The new representation matrices are D'(R) where

Rlpizzl:‘/h 1 (R). (3.11)
To see that the group D'(R) is equivalent to D(R) we write

=R ; U,
=;R@U

=,~.Zk ¢ Di;(R) U;

= Z Y, (U™ ) Dy (R)U

_Z ‘/’I<Z(U )i D (R) U; ) (3.12)

Comparing eqns (3.12) and (3.11) we see that

=Jz’; (U_ 1)lkaj(R) Ujiﬂ
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or in matrix form
D'R)=U"'DR)U (3.13)

showing that D'(R) and D(R) are equivalent.

Since we will be concerned only with operators which preserve the norm of
a function and since we shall generally work with orthonormal basis functions
the representation matrices we deal with will be unitary.

If a representation has the form

1

0
1 (D‘“(A)| 0 )
1 |, ...,
c. 0 I D@4
0 ) D2 (4)

DYR)! 0
————— -:--————-— ey
( 0 l D(Z)(R) )

where all the D) matrices have the same dimension (and consequently the
D® matrices have the same dimension) the representation is said to be
reducible into D' and D‘® representations. Sometimes a representation may
not appear to have the above form but by means of a similarity trans-
formation it can be converted into such a form. This representation is also
regarded as reducible, since we regard as equivalent those representations
whose matrices are related to each other by means of a similarity trans-
formation. It may happen that the smaller matrix, D)(R), can be further
reduced by means of another similarity transformation. If this cannot be done
the DV representation is said to be irreducible.

As an example we can choose ¢,,, @.,, 1, ¢5 Dryy> D1, (defined in eqns (2.91)
and (2.92)) as the basis functions for the five-dimensional space discussed in
the previous example, and we can form a set of representation matrices D'(R)
for the operators in the group 0. With the basis functions ordered as above we
find, for example,

-1 2 000
$ 1 000
D'(C,(111))= 0 0 00 1|, (3.14)
0 0 100
0 0 010

i.e. consisting of two diagonal submatrices. This means that the ¢.,, ¢.,
subspace is closed under C5(111) as is the subspace ¢,,,, ¢,,, ¢,,- Using the
same five basis functions the representation matrix for each of the 24
operators of the O group has the diagonal form shown in eqn (3.14). Hence the
original five-dimensional representation is reducible.
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This should not be surprising since, as we saw in the previous chapter, these
five functions are the angular functions of the orbital wavefunctions for the
d-electron in an octahedral crystal field, and we saw that the ¢,,, ¢.,
wavefunctions differ in energy from the ¢,,;, ¢,,,, ¢,,, Wavefunctions. Now
each of the O operators commutes with the Hamiltonian for the electron in the
octahedral field, and so there are no matrix elements of the O operators
between states of different energy.

The relationship between the Y% and the ¢, basis functions can be written

¢r,=). Y5 (2m|Ty) (3.15)

where the (2m|I'y) coefficients are the components of an unitary matrix U,
and the components of U can be obtained from eqns (2.91) and (2.92). The
U~ ! matrix can then be written down, and it is a straightforward matter to
show that

U™ 'D(C5(111)) U=D’(C,4(111)) (3.16)

where the D and D’ matrices are given‘in eqns (3.8) and (3.14).

We shall see that for groups of finite order the number of irreducible
representations is finite. The symbols I';, I',, . . . are sometimes used to label
the different irreducible representations. We denote by D'(R),, the uv
component of the representation matrix for the operator R in. the T
irreducible representation of the group of operators. We state below, without
proof, some properties of representations. The proofs are given in the texts
listed earlier.

1. The great orthogonality theorem

; DF(R)uvDr’(R )u’v' =£ 61‘1” 6;4‘4’ 6vv’ (317)
where I is the dimensionality of the I irreducible representation and h is the
order of the group.

2. Burnside’s theorem. 1f there are p inequivalent irreducible represen-
tations then

Y li=h (3.18)
r
where the summation is over all p representations.

3. The number of inequivalent irreducible representations equals the
number of classes. For example, the O group has five classes, and so it has
five inequivalent irreducible representations. Generally the various irreduc-
ible representations are labelled T'; to I's but in the case of the octahedral
group it is more usual to label them A,, A,, E, T,, T,.

The character of a representation, D, whether reducible or irreducible, is the
set of h numbers which are the traces of the representation matrices

X(E), x(4), x(B), . .., x(R), . ...
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where

#(R)=Y D(R),,=tr D(R). (3.19)

Since the representation matrices are unitary none of the character elements,
z(R), is larger than y(E), and since the trace of a matrix is invariant under a
similarity transformation all equivalent representations have the same
character. Further, elements in the same class, 4 and B say, are related by
B=RAR™! where R is an element in the group. The corresponding relation-
ship among the representation matrices is D(B)=D(R) D(A) D(R~*). Since we
are dealing only with representation matrices which are unitary we see that
the representations of elements in the same class are related by a similarity
transformation and so have identical traces. Hence we see that all group
elements which form a class have identical character elements.

If we put v=p and v' =y’ in the great orthogonality theorem, eqn (3.17),
and sum over values of y, u, we obtain

;‘,XF(R)J{r (R)*=hdrr. (3.20)

We can interpret this equation as follows. We regard the y(R) elements as
constituting the elements of an h-dimensional vector. Then eqn (3.20) can be
viewed as the orthogonality property of these vectors. It follows that two
different irreducible representations cannot have the same character: the
character of a representation is unique.

We can use this property of the character to determine the decomposition
of a reducible representation. Suppose a representation, D, is reducible. Each
D(R) can be converted, by a similarity transformation, to the diagonal form

DR L0 o
0 _i D™(R) K
o 1 0 |

where T';, I',,. .. refer to irreducible representations. Since the trace of a
matrix is unaffected by a similarity transformation this means that

tr D(R)=tr D**(R)+tr D"*(R)+ . .. (3.21)
or

X(R)=; arx"(R) (3.22)

where ar is the number of times that the I' irreducible representation appears
in D. If we multiply x(R) by ¥*'(R)* and sum over all R we find
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; 1R " (Ry*= ;g ary" (R)x" (R)*

=; arh 51—1—1 (3.23)

making use of eqn (3.20). Hence we see that
1
ar=y ;X(R)XF(R)*- (3.24)

Since the character of an irreducible representation is unique, ar is unique.
There is only one decomposition of a reducible representation, and the
number of times that the irreducible representation I' appears in the
decomposition is given by ar above.

A character table displays the characters of the different irreducible
representations of a given group. Since group elements in the same class have
the same character element the elements are grouped into classes. The
character table for the O group is shown in Table 3.1. There are five classes,
hence there are five inequivalent irreducible representations which are
usually labelled A}, A,, E, T,, T,. In general labels A and B are used for one-
dimensional representations, E for two-dimensional representations, and T
for three-dimensional representations. A, is the invariant representation in
which each character element has the value unity. All groups possess the
invariant representation. In the extreme left-hand column, Table 3.1 assigns
to each irreducible representation basis functions (unnormalized) for a space
which is closed under all the operators of the group O, and these can be used
as basis functions to create the matrices of the irreducible representation. If
the orthonormal set ¢; is one such set of basis functions then

R¢;=} ¢;Dj:(R) (3.25)

Table 3.1
Character table of the O group'

E 8C, 3C, 6C, 6C,

A, 1 1 1 1 1 x?+y? 422

A, 1 1 1 -1 *-1 xyz

E 2 -1 2 0 0 (x2—y? 322 —r?)
T, 3 0 —-1 -1 1 (x,y,2); (R, R, R;)
T, 3 0 -1 1 -1 (yz, zx, xy)

t In the right-hand column are listed some basis functions (unnormalized) for a
space which is closed under all the operations of the O group, and these can be
used as basis functions to create the matrices of the various irreducible
representations. R, is the infinitesimal rotation about the x-axis.
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where the D'(R) are the matrices for the I irreducible representation. We say
that the functions ¢; belong to (or transform according to) the I irreducible
representation. And we say that the function ¢, transforms according to the
ith row of the I" irreducible representation. These functions are more usefully
written ¢ (T, i).

As an example of how a character table is created we shall show how the
components of the character table of the O group are determined. If /; is the
dimensionality of the ith irreducible representation then by Burnside’s

5
theorem we have Y 17 =24. Since I, =1 we are left with I3+ 12+ 12 +12=23.
i=1
The only solution for this is [,=1, [;=2, I,=I;=3, in ascending order of
dimensionality. We consider the character elements for the other one-
dimensional representation which is labelled A,. We use the orthogonality
property, eqn (3.20), remembering that y**(E)=1 and that y(R) for other
group elements is not larger than y(E). We obtain

1+ 8x42(C3)+ 31" (C) +6x4*(Cy) +6x42(C4) =0 (3.26)

which gives for the character elements y22(R) theset 1,1,1, — 1, — 1, and this is
the only solution. We next consider the character xE. This is orthogonal to y*!
and x*2. Since y*! and y*2 differ only in the character elements of the last two
classes, we find x5(C%)= —x¥(C,). And x%(E)=2. We can now try out some
possible values for the character elements, yE(R). We eventually find that the
set 2, —1, 2, 0, 0 is orthogonal to y*' and y*2 and correctly normalized
according toeqn (3.20). By the uniqueness property of the characters this must
be the set of character elements for yE. The same approach using the
orthogonality with the x?!, ¥A2, ¥E characters can be used to locate values of
the character elements of the two three-dimensional representations. The
character table of the O group is given in Table 3.1. Character tables of all the
common groups of point transformations have been worked out and are listed
in the textbooks cited in Section 3.1.2.

From Table 3.1 we see that the set of functions x, y, z transforms according
to the T, representation. These functions, if properly normalized, can be
classified as ¢(T,, i) where i=1, 2, 3. The set of functions x(5x2—3r2?),
y(5y* —3r?), z(522 — 3r?) also transforms according to the T, representation.
These two sets transform identically under all the operations of the O group
but they form distinct function spaces. In order to distinguish the different
function spaces which belong to the same irreducible representation an
additional label such as «, §, . . . may be used, in which case the functions can
be classified ¢ (o, T, i).

In Fig. 3.6 we show the symmetry rotation operators of the tetragonal
group D,. These are the operators which leave invariant the tetragonal prism
as well as the arrangement of six ions shown in Fig. 3.6. This is a distortion of
the octahedral arrangement shown in Fig. 3.4; the separation from the origin
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z

2c,.¢, ' y
X

Fic. 3.6. The symmetry rotations of the D, group.

of the two ions along the z-axis are equal but differ from the equal separations
of the four ions along the x- and y-axes.

We notice that this set of operators is a reduced set of eight of the operators
of the O group; the set of D, rotations is a subgroup of the O group. Further,
whereas in the O group C,(001) is in the same class with C,(100) and C,(010),
in the D, group C,(001) forms a class by itself. There are five classes: E;
C,(001); C,(100), C,(010); C’5(110), C5(110); C4(001), C,(001), ard so there are
five irreducible representations. From Burnside’s theorem we have ) .17 =8,
whose only solution is the set 1, 1, 1, 1, 2. There are four one-dimensional and
one two-dimensional irreducible representations. The character table is given
in Table 3.2 which also shows some function spaces belonging to the different
irreducible representations.

Table 3.2
Character table of the D, group

4

E i 203 2C, 2C,

A, 1 1 1 (x2+y?); 22

A, 1 1 -1 -1 1 z R,

B, 1 1 1 -1 -1 x2—y?

B, 1 1 -1 1 -1 xy

E 2 -2 0 0 0 (x, y) (xz, yz); (R, R,)
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We now consider the symmetry rotation operators of the trigonal group,
D;, which we can again usefully relate to a distortion of the octahedral
arrangement of ions seen in Fig. 3.4. We show this octahedral arrangement of
six ions again in Fig. 3.7 along with some of the symmetry operators and
emphasizing that we can regard the ions as forming two triangles in parallel
planes perpendicular to the [ 111] direction. If this arrangement is distorted by
displacing the upper and lower triangles through equal distances along the
[111] and [T111] directions, respectively, the arrangement has trigonal
symmetry (D) with the symmetry operators shown in the figure: C; and C2
along [111], and C, along [110], [101], [011]. These, along with the identity
operator E, form the six rotation operators of the D5 group, and are a
subgroup of O. There are three classes: E; 2C5; 3C,. The D5 character table is
given in Table 3.3. The D, character table is identical with that of another
group C;,, which we will discuss later. Table 3.3 shows the irreducible
representations and character elements for both groups, as well as function
spaces belonging to the different irreducible representations.

C,

2c,

C;
FiG. 3.7. The octahedral arrangement of ions showing some symmetry rotation
operators and emphasizing the threefold symmetry about the [111] axis. If the upper
and lower triangles of ions are displaced through equal distances along the [111] and
[111] directions, respectively, the arrangement remains invariant under the operators
shown. The arrangement now has D, trigonal symmetry and can be regarded as a

trigonally-distorted octahedral arrangement, such as was discussed in Chapter 2 and
illustrated in Fig. 2.17.

3.1.5 Group theory and quantum mechanics 11

We now relate the group-theoretical concepts we have developed to our basic
quantum mechanical problem of solving for the eigenstates and eigenvalues of
the Hamiltonian for the electronic centre in a crystal. Consider the group 4 of
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Table 3.3
Character table of the D; and Cj;, groups
D, E 2C, 3C, D,
C, E 2C, 3o, Cs,
Ay 1 1 1 O+ ) (22) (2 + 32 (2%) (2)
A, 1 —1 R,z R,
E 2 -1 0 (x, p)(xz, y2) (X2 —y% xy)  (x, y); (xz, y2); (x> —y?, xy)
(Rx’ _v) (Rxa Ry)

operators each of which commutes with . If ¢ includes all the symmetry
operators which commute with 3 it is called the symmetry group of the
Hamiltonian. If  is an eigenstate of # with energy E and if R is one of the
operators of the group ¥, then Ry is also an eigenstate of # with the same
energy E. The function space containing all the eigenstates of # of the same
energy is closed under ¥, and we can use these eigenstates as basis functions to
form a representation of ¥. We now ask whether this representation is
reducible or irreducible. If it is reducible it means that the space can be
separated into at least two subspaces each of which is separately closed under
%. There is no symmetry element connecting these spaces, yet they are
associated with the same energy. It seems unlikely that the two spaces of
wavefunctions which are unrelated to each other by any symmetry property of
the system should have the same energy. We feel, therefore, that the original
space of wavefunctions cannot be associated with a reducible representation.
We adopt as a fundamental postulate that

eigenstates of the Hamiltonian with the same energy belong to an irreducible
representation of the symmetry group of 4 and eigenstates which belong to
inequivalent irreducible representations have different energies.

This means that we can label the energy levels of the system according to the
irreducible representations of the symmetry group of the Hamiltonian to
which the space of wavefunctions of each energy level belongs.

As an illustration of these ideas consider the wavefunctions for the 3d
electron in the octahedral crystal field discussed in Section 2.6.1. In the
absence of an octahedral crystal field the 3d level has fivefold orbital
degeneracy. In the presence of an octahedral crystal field the wavefunctions
for each energy level form a function space which belongs to an irreducible
representation of the O group. The largest dimension for an irreducible
representation of the O group is 3, hence the largest orbital degeneracy of a
level is 3. As a result, in the presence of an octahedral field the fivefold
degenerate 3d space is expected to split up into smaller subspaces each of
which belongs to an irreducible representation of the O group, and the
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wavefunctions in the different subspaces have different energies. Our calcu-
lations in Section 2.6.1 showed that the 3d energy level splits into two distinct
energy levels—one two-dimensional, one three-dimensional. The wavefunc-
tions for the two-dimensional level are given in eqn (2.91), and we see from
Table 3.1 that these belong to the E irreducible representation. We use the
symbol E to characterize that level. Similarly, the wavefunctions of the three-
dimensional level belong to the T, irreducible representation; hence the T,
label characterizes this level. Lower-case letters, e and t,, are used to
characterize the one-electron orbital functions belonging to the E and T,
irreducible representations, respectively.

When calculating energy levels one may come across ‘accidental’ degener-
acies, where two spaces of wavefunctions each belonging to different irreduc-
ible representations have exactly the same energy. The origin of the ‘acciden-
tal’ degeneracy generally lies in some symmetry property of s# having been
overlooked, and this symmetry property relates the two spaces of wave-
functions.

3.1.6 Product spaces and product representations.

We consider the set of orthonormal functions ¢(I";, y,) which belong to the
', irreducible representation of some group G, and we consider a second set
¢(T 5, v,) which belongs to the I', irreducible representation of G. Represen-
tation matrices are defined from the equations

Ro(T,, ?’1)=Z oy, 'Yl)D{l'},rl(R),

RO(T2,72)=Y. (T 72D, (R). (3:27)

The product functions ¢(I'y, y,) ¢(I',, 7,) also form a set of basis functions for
a representation of G which we write as D™ *T2, defined by

ROy, 71)d(Ta, 72)= 3 6Ty, 7109, 72D (R)D] 2 (R)

V1,72 7272

= Y 6T y)¢@ 7D (R) (328)
V1,72
If the I'; and I, irreducible representations are of dimensionality I, and I,
respectively, the product representation has dimensionality I x Ir,.
The character of the product representation can be calculated:
Xl“l sz(R)= z DlixI; (R)
V1,7

1727172
2

— r, r,
_;Dvm (R) Z sz (R)

V2

=x"'(R).x"*(R). (3.29)
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In general the I'; xI', representation is reducible. Its decomposition is
expressed by the symbolic formula

D' *T2(R)=Y a; D" (R) (3.30)
J

where a; is the number of times that the I'; irreducible representation appears
in the decomposition. This decomposition can be expressed in another
symbolic formula,

Iy xT,=Ya;T;. (3.31)
J
The decomposition formula in terms of characters is
PR =" (R) x x(R)=) a; " (R). (3.32)
J

The a; values are unique and are given by

1 |
=5 S A TR (RY (3:33)

As an example, consider the sets of functions x, y;, z;, and x,, y,, z, each of
which belongs to the T, representation of the O group. The product functions
form a nine-dimensional space and belong to a nine-dimensional represen-
tation. Since the largest irreducible representation of the O group is of
dimension 3, the product representation is reducible. We obtain its decompo-
sition from a study of its character. From Table 3.1 we see that the character
%™ *T2 which equals ¥T* x xT2 is

=9 0 1 1 1 (3.34)

which by inspection or through the use of eqn (3.33) we see is y*' + &+ xT‘
+ ™. We write this decomposition as

TyxTy=A;+E+T,;+T,. (3.35)
" We can similarly derive the following decompositions:

A xA;=A,, A, xA,=A, A,xE=E, A, xT,=T,

A, xT,=T,, AzxA2=A1,‘ A, xE=E, A,xT;=T,

A, xT,=T,, ExE=A,+A,+E, ExT,=T,+T,,

ExT,=T,+T,, T;xT,=A,+E+T;+T,,
T,xT,=A;+E+T;+T,. (3.36)

Since the product representations are, in general, reducible it follows that
the simple product functions are, in general, not the basis functions for
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irreducible representations. The basis functions are linear combinations of the
simple products. If the product function space ¢(I";, y,)¢ (T, 7,) contains a
subspace which belongs to the I' irreducible representation, then the function
of the product space which transforms as the y row of the I' irreducible
representation is written as

(0= 3 ¢, 71)9T 2 72) <TiT2y172IT7) (3.37)

V1,72

where <T",T',y,7,|T'y)> are Clebsch—-Gordan coefficients and are the elements of
an unitary matrix. The inverse formula is

o'y, 7)o, v2)=l_z O, ) I T y,720 (3.38)

where (Iy|T'Typ,7,0 =< T,p,7,/Ty>* The -calculation of Clebsch-
Gordan coefficients is tedious but has been carried out for a number of
groups. Sugano et al. (1970) tabulate the coefficients for the O group in the
cubic basis and in the trigonal basis. The phases are chosen so that
T Tp91720Ty> =T, 1y,941Ty)> when I'; #T,. Tables of values of some
Clebsch—Gordan coefficients for the O group in the cubic and trigonal bases
are given in Appendix 3B.

3.1.7 Theorems on matrix elements

1. Two functions which belong to different irreducible representations or
which transform according to different rows of the same irreducible represen-
tations are orthogonal.

Since the value of an integral is unchanged if the coordinates are changed by
application of one of the operators, R, of the group, we have

{plog, Ty, (g, Ty, 72)0 = RSP (o, Ty, po)l(a, Ty, v2))
=Ry, Ty, 7)IRG (2, Ty 72))

= ¥ DL (RI* Dz (R)p(ts, Ty, ¥l 9(az, T, 7). (3.39)
Y172
Since this relationship holds for each of the h operators of the group, we have

1

(B Tropip(oz, T v2)y=5 ¥ YD (RY*DL: (R)
Y1 Y2
X <¢(a1’ Fl’ yfl)lqs(ab FZ: ,))/2)> (340)
Using the great orthogonality theorem (3.17) this becomes
1
Y 0rurs 0, 8,1aCb (s, Ty, 7l (3. T, 7)) (3.41)

7172 lrl



98 Symmetry and Group Representation Theory

where I is the dimensionality of the I' representation. The integral can
therefore be written

{ploy, T,y Ty 92)> =0r,r, 5y,sz(°‘19 U0, T5) (3.42)
where

1
P(oy, T'y; ay, FZ):EZ<¢(O‘1, Ly, (e, Ty, 7)) (3.43)
v

Equation (3.42) tells us that the original integral is zero unless I'y =I", and
¥1 =7, which proves the theorem. In addition, since P in eqn (3.43) is the
average over all such integrals for different y it is independent of y. Hence the
value of the original integral is independent of the particular y chosen.

2. The Wigner—Eckart theorem Consider the integral {(¢(a, T, PIX(, )|
¢, I, 7)> where X(T,7) transforms as the 7 row of the I' irreducible
representation. X(I, y) need not be normalized. To evaluate this integral we
first express the product function X(T, 7)¢(«’, I, 7) as a linear combination
of single functions belonging to irreducible representations:

X(T, 7)o@, I, v’)=r”2 CX)p(", T, y") Ty ITTy>  (3.44)
7
where C(X) is a normalization factor. The integral then becomes

3 €Ol T pIb(e, T,y ) <Y ITT 3. (3.45)

We know from Theorem (i) that this expression is zero unless I’y =TI"y, and
when this condition is satisfied the value of the integral does not depend on
the particular y. It depends on the values of o« and «”. Now o’ depends on the
particular functions X(I') and ¢(«,I"”), and C(X) depends only on the
magmtude of the X function. Hence C(X ) {p(a, T, )p(a”, T, y")) depends
ona, o, I, I, T and not on the y, y”, or y' values We can write

C(X) <o, I, g, I, 7)) = %<¢(0C DIXD$@, ). (3.46)

(Ir)

where the integral on the right-hand side is known as the reduced matrix
element. The original integral thus becomes

(P, T, ) X(T, P, F',v)>—( D (Pl DIXD) !, T HIETF)
(3.47)

and this is known as the Wigner—Eckart theorem. It shows that the matrix
elements of X (T, 7) between the different states of the I' and I'" manifolds of
states are in the ratio given by the appropriate Clebsch-Gordan coefficients.
Once one such matrix element is evaluated the reduced matrix element can be
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obtained, and the other matrix elements are found by reference to the tables of
Clebsch-Gordan coefficients.

Because of the Clebsch-Gordan coefficient in eqn (3.47) we see the integral
(o, T, )X (T, P, T, y)) is zero unless the product representation
' x I contains T. If the function X belongs to the invariant representation,
that is, if it is unchanged under all the operations of the group, then the func-
tion X ¢(«'T"y") transforms according to the y' row of the I'"" representation,
and the integral will be zero unless I'y=T"y". This is just a restatement of
Theorem 1. The electrostatic crystal field Hamiltonian of our electronic
system is one such invariant function. Hence we see that there are no matrix
elements between functions belonging to different irreducible representations;
the only non-zero matrix elements are between functions which transform
according to the same row of the same irreducible representation.

One way of seeking eigenstates of # is first to seek functions which belong
to irreducible representations of 4. Say one such set of functions is ¢ («, I, y).
These are usually eigenstates of a similar but simpler Hamiltonian. In general
these will not be eigenstates of S# because non-zero matrix elements of J# may
exist connecting the set ¢(a, I', ) and any other set of functions ¢(f, I, )
which belong to the same representation I'. If, however, the separation in
energy between the a and g functions is large the amount of mixing of the a
and B functions through # may be small and the ¢(a, I, y) set may to very
good approximation be regarded as eigenstates of .

3.1.8 Reduction in symmetry and splitting of energy levels.

We now discuss an important consequence of our fundamental postulate that
the eigenstates of a Hamiltonian belong to irreducible representations of the
symmetry group of the Hamiltonian, and that eigenstates belongmg to
different irreducible representations have different energies.

Consider an ion in an octahedral crystal field. If we neglect spin and confine
our attention to orbital functions the energy levels are labelled according to
the irreducible representations of the O group, i.e. A;, A,, E, T, T,. Since the
T, and T, representations are three-dimensional the T, and T, levels have
threefold orbital degeneracy. We now consider the same ion in a crystal field
of tetragonal symmetry, D,. The levels are labelled according to the irreduc-
ible representations of D,, ie. A;, A,, B,, B,, E; the maximum orbital
degeneracy of a level is now twofold, and all of these levels will have different
energies. In general we can see that, in comparison with the case of high
symmetry, an ion in a crystal field of low symmetry will have a greater number
of energy levels of smaller degeneracy.

We can try to see how these two sets of levels are related by assuming that
the reduction in symmetry is due to a small lower symmetry perturbation on
the higher symmetry potential. Let us assume that a small axial crystal field
distortion reduces the symmetry of the crystal field Hamiltonian from
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octahedral, #°9 to tetragonal, 22+, The wavefunctions of a given energy level
associated with, say, a T, irreducible representation of O form a function
space which is invariant under all the rotations of the O group. The rotation
operators of the D, group are a subset of the O operators, hence the T, space
of functions is also closed under all the rotations of the D, group, and these
functions can be used as basis functions for a three-dimensional represen-
tation of the D, group. This is a reducible representation since the maximum
dimension of the irreducible representations of D, is 2. The three-dimensional
T, space of functions breaks up into smaller spaces of functions each of which
belongs to an irreducible representation of D,. To the approximation that the
axial component of crystal field is very weak we can ignore the mixing of states
from the different octahedral crystal field levels by the axial crystal field and
therefore the wavefunctions of #9 associated with the T, irreducible rep-
resentation become the wavefunctions of #2* and are associated with more
than one irreducible representation of D,. According to our fundamental
postulate, the wavefunctions associated with these irreducible wavefunctions
of D, have distinct energies. Hence in the presence of the weak axial crystal
field the T, energy level splits up.

The way in which an octahedral level splits up in the presence of a
perturbation which lowers the symmetry to tetragonal can be determined
from the decomposition of the irreducible representations of the octahedral
group into a number of different irreducible representations of the tetragonal
group. This decomposition can be ascertained from the characters of the
representations using the decomposition formulae (3.22) and (3.24).

The 24 character elements of the T, octahedral representation grouped into
the five different classes are given in Table 3.4. The subset of eight of these
character elements corresponding to the eight rotations of the D, group is also
given, and these are grouped into the five different classes of D,. This set of
elements constitutes the character of a three-dimensional representation of
D,. We call this the D representation, and it is reducible. '

The decomposition of D into a sum of irreducible representations of D, can
be performed with the aid of the D, character table (Table 3.2) and eqns (3.22)
and (3.24), but in a simple case such as we are now analysing the decompo-
sition can be determined by inspection. In Table 3.4 the characters of the
A, and E irreducible representations of D, are also given, and we can see that
x° = x*2+ xE. Hence we see that when the crystal field symmetry is reduced
from O to D, the octahedral T, level splits up into two levels associated
with A, and E irreducible representations of D,, and by our fundamental
postulate these have different energy levels. The splitting of all energy
levels when a crystal field is reduced from O to D, is shown schematically
in Fig. 3.8.

We can similarly analyse the reduction in crystal field symmetry from O to
D; due to the addition of a weak axial crystal field. The splittings of the
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Table 3.4
0 E 8C, 3C, 6C, 6C,
T, 3 0 -1 —1 1
el
D, E c” ey 20, 20,
D 3 —1 —1 -1 1
A, 1 1 —1 —1 1
E -2 0
D, E 2C, C,
D 3 0 -1
A, 1 -1
E — 0

octahedral energy levels can again be determined from the character Tables
3.1 and 3.3. The T, irreducible representation of the O group becomes the D
reducible representation of D, as Table 3.4 shows. And this is reducible into
A, and E irreducible representations-of D5. The splittings of all octahedral
orbital states when a trigonal crystal field is applied are shown schematically
in Fig. 3.8.

In discussing the splitting of octahedral levels we assume that the perturb-
ing axial field is small, and as a result the octahedral eigenstates become the
tetragonal or trigonal eigenstates. We now extend the analysis to the case
where the axial field is not small. The symmetry arguments are still valid; the
levels will be classified according to the irreducible representations of the
lower symmetry group. Let us seek the eigenstates of the tetragonal A, and B,
levels derived from the octahedral E level (Fig. 3.8). The two-dimensional
space of wavefunctions associated with the octahedral E level can be resolved
into two orthogonal functions each of which is closed under all the D,
rotations, and these transform as the A, and B, irreducible representations of
D,. These need not be eigenstates of #2* since, as we showed in our
discussion on the Wigner—Eckart theorem, there can be non-zero matrix
elements of #2¢ between functions belonging to the same irreducible
representations of D,. This may cause a mixing of the tetragonal A, function
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Fic. 3.8. Schematic illustration of the splitting of octahedral crystal field levels, based
on orbital wavefunctions, when the crystal field symmetry is reduced from octahedral
to tetragonal and from octahedral to trigonal. The broken arrows connecting the levels
of the same irreducible representation indicate the states which can be mixed by the
low-symmetry axial crystal field which causes the reduction in symmetry.

derived from the excited octahedral E level with the tetragonal A, function
derived from the ground level. This mixing is indicated in Fig. 3.8 by the
broken arrows connecting the A, levels. Similarly, mixing of tetragonal E
functions and of tetragonal B, functions can occur, and these are indicated in
Fig. 3.8. When these mixings are taken into account the wavefunctions in the
tetragonal crystal field can be calculated. The mixing of states for D,
symmetry is also shown in Fig. 3.8.

We should emphasize that so far we have considered only the separation in
energy of orbital functions; spin functions have not been taken into account.
We shall extend our analysis to spin functjons in a later section.

A classic experiment was performed by Schawlow et al. (1961) which
illustrates the splitting of levels when the symmetry of the crystal field is
lowered. When Cr** ions are substituted for Mg?* ions in magnesium oxide,
many go into sites of perfect octahedral symmetry. This is illustrated in
Fig. 3.9. The ground-state orbital belongs to the octahedral A, represen-
tation, and the first excited orbital state belongs to the E representation. A
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F16.3.9. Splitting of the R-line of Cr3* in octahedral sites in magnesium oxide at 77 K
under uniaxial stress (11 kgmm ™~ 2) along the [001] direction. (After Schawlow et al.
1961.)

single sharp luminescence line (the R-line) caused by the E-» A, transition is
found. These workers subjected the doped magnesium oxide crystal to an
uniaxial stress along the [001]-direction which strained the environment of
02" ions surrounding the Cr3* ion and reduced the crystal field symmetry at
the site of the Cr3* ion from octahedral to tetragonal. The excited E level
splits in two as expected, and this is seen as a splitting of the R-line, as shown
in Fig. 3.9. A similar splitting of the R-line occurs under a stress along [110] or
[111] directions, the [111] stress reducing the symmetry from octahedral to
trigonal. The splitting of the excited E level of Cr** in a trigonal crystal field is
due to a combination of the trigonal crystal field and spin—orbit coupling.
(The trigonal crystal field on its own will not split the excited E level, as
Fig. 3.8 shows.) We have not yet discussed the effect of spin—orbit coupling on
the splittings of levels.

3.1.9 The full rotation group

This is the group of all rotations through any angle about any axis. This group
has an infinite number of elements. All rotations through the same angle
about any axis are in the same class. There is an infinite number of classes and
hence an infinite number of irreducible representations.

It is shown in the textbooks on group theory (e.g. Heine (1960), Tinkham
(1964)) and in textbooks on quantum mechanics that the operator which
rotates a function through 6 about an axis ¢ is exp(—iJ.#0/h) where J is the
general angular momentum operator. If we are dealing only with orbital
functions we put J= L; if we are dealing only with spin functions we put J=S.
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In order to apply this operator we express it as a Taylor expansion, and
products of J; operators (i=x, y, z) act on the functions.

Let us for the present confine our attention to orbital functions. The simple
one-electron Hamiltonian operator

2 2
P 1 Ze
#ol= o  dney 1

dngy r (3.48)
has the property that #,(r) commutes with / and with all powers of / and #7(r)
is consequently invariant under the rotation operator exp(—il.t8/h) for all
angles 0 about any axis . The eigenstates of this Hamiltonian are the set
R,,(nY7(0, ¢) where R, (r) is invariant under all rotations. Let us consider the
application of the rotation operator to the Y7, ¢) functions. A function
space closed under /is also closed under the rotation operator exp(—il.t6/h).
Such a space is one spanned by the orthonormal set of 2/+1 functions
[, m)=YT7(0, ¢) for a specific value of I, and there is no subspace which is
closed under /. To see this we note that the space closed under / will be closed
under I, =I,+1il, and repeated applications of these operators to one of the
|, m) functions generates a full set of 2/+ 1 functions for a specific value of [.
These functions, then, form the basis functions for a space invariant under the
rotation operator, we can use them to generate representation matrices, and
these are irreducible representations of the fuli rotation group. We write the
resultant representation matrix for a rotation through 6 about the # axis
obtained by using the set |, m) as D'(0,). These representations have dimen-
sions 1, 3, 5, 7, ... The irreducible representation derived from the =0
function is labelled s, those derived from [=1, 2, 3,. . . are labelled p, d. f,. . .,
respectively. No other irreducible representations can be formed from orbital
functions.

The character elements of the [ irreducible representation are easily
obtained. We calculate the character element for the rotation through 6 about
the z-axis, and this is also the character element for rotation through 6 about
any axis. The operator for rotation through 8 about z is exp(—il,0/h) and
since 1,|l, m)=mh|l, m) the representation matrix for this operator is

exp(ilf) 0
D'(0,)= exp(i(l—1)0) ‘ . (3.49)
- exp(—il6)
]
Hence the character element y'(6)is ) exp(imf) and when this summation

m=—1

is carried out we obtain
sin(l+1)0

2(0)= “nlo (3.50)
2
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Some of the common character elements are listed here for later use:
Y(E)y= 20+1
£m= (1)
YGn)= 1 for 1=0,1,4,5,8,9,...
=—1 for 1=2,3,6,7,...
¥Gm)= 1 for 1=0,3,6,...
= 0for I=1,4,7,...
=—1 for 1=2,5,8,.... (3.51)
We consider now the two-electron Hamiltonian
H vy, 1) =Ho(r))+ Ho(ry)+H'(ry, rs)
=K, ry)+H (ry,1,) (3.52)

where the forms of s#,(ry) and #,(r,) are given by eqn (3.48). These are
invariant under all rotations applied independently to the spaces of electrons 1
and 2, respectively. Hence, ;(r,, r,) is invariant under all rotations applied
independently to the spaces of electrons 1 and 2.
If #'(r,, r,) refers to the Coulomb interaction between the electrons it has
the form
H(r,r )=L~£2— (3.53)
U020 Aney |y — 1y '
and is invariant under all rotations applied simultaneously to the spaces of
electrons 1 and 2. Hence #(r,, r,) given by eqn (3.52) is invariant under all

rotations applied simultaneously to the spaces of electrons 1 and 2.

We know from the discussion on product functions and product spaces that
simple products of functions Y7'(0, ¢)=|l; m;) and Y7:*(0, ¢)=|I,m,) can
act as basis functions for representations of the group of all rotations applied
simultaneously to r; and r,. These product functions [I,, m,>|l,, m,) are in
general basis functions for a reducible representation. There are more suitable
basis functions, made up of linear combinations of the simple product
functions, and with these as basis functions all the product representation
matrices reduce to a similar diagonal form, consisting of smaller irreducible
matrices along the diagonal. This is written symbolically

D"(6) x D*(6)=Y a, D*(6) (3.54)

where the a; are integers, and L can have integer values 0, 1,2, . . . (The reason
for choosing L as the symbol for this integer will become clear afterwards.) We
now seek these more suitable basis functions.
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The operator which simultaneously rotates the functions of r, and r,
through the same angle 6 about the axis ¢ is

exp(—il, . 10/h) exp(—il, . t0/h)

= exp(—iL.t0/h) (3.3

where L=1, +1, is the total orbital angular momentum vector. A space made
up of product functions of r; and r, (a product space) which is closed under L
is closed under all the rotation operators (3.55) and is associated with a
representation of the full rotation group. Consider such a product which
belongs to the irreducible representation associated with a specific integer L.
(We have seen earlier that the irreducible representations of the full rotation
group associated with orbital functions are characterized by integers O, 1, 2,
... with dimensionality 1, 3, 5, . . . , respectively.) The space associated with
integer L has dimensionality 2L+ 1. We write the basis functions for this
product function space as |L, M)> where M ranges over the 2L+ 1 integer
values between — L and + L. These basis functions |L, M) are chosen to
transform under rotations in an identical manner to the spherical harmonics
|l, m) where L=1and M =m. That is, |[L, M) belongs to the same row of the
same irreducible representation as the spherical harmonic |, m). The |L, M)
functions are made up of linear combinations of the product functions
|ly-m>|l,, m,), and the relationship is written

LMY=} Iy, m)lly, my) lylymymy| LM (3.56)

my,mz

where the factors {l,I,m;m,|LM are the Clebsch—Gordan coefficients for the
full rotation group. The specific L values which occur in (3.55) can be found
from the relationship between the characters

1(0) x 1" (6) =;aL 2-(0). (3.57)

We say that I, and [, combine to give specific values of L.
Inserting (3.50) into (3.57) we obtain

sin(2l; +1)0/2 x sin(2l, 4+ 1)6/2=sin 6/2 x (a, sin /2 + a, sin 36/2
+a,sin56/2+ ..) (3.58)

which can be used to find the specific values of L.

Let us consider the combination of two one-electron s states (I, =1, =0). We
find that eqn (3.58) is satisfied only for values a,=1 and all other coefficients
are zero, showing that [, =0 and I, =0 combine to give only L=0. We can
express this symbolically as

sxs=S8. (3.59)
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In a similar way for an s and a p state we obtain a,=1 and all other
coefficients are zero:
sxp=P. (3.60)

For two p states we have
sin?30=sin10(a,sint0+a,sin30+a,sin30+ .. ). (3.61)

To find the solution we consider the case of very small angle 0 so that (3.61)
becomes
@’=a0( +a,0)B)+a,DE)+ . ..
or
32=a0+3al +5a2+ PR (362)

Since the a’s are integers the only solutions are either a; =1, others=0, or
ap=a,=a,=1, others=0. Putting 6 =7/2 in eqn (3.61) we obtain

l=(@y—a;+a,—az+ ...) (3.63)
which is consistent with the second solution only. Hence we have
pxp=S+P+D. (3.64)
We can similarly find that
dxd=S+P+D+F+G. (3.65)
The general pattern which emerges is, symbolically,
i xl,=3 L
where l
[ =hLI<Li<ly+1, (3.66)

and this is the basis for the ‘vector model’ of the many-electron atom
illustrated for the two-electron case in Fig. 3.10.

A

T

A

F1G.3.10. The coupling of two one-electron orbital angular momenta to form the total
orbital angular momentum is represented by this vector relationship. This vector model
should be regarded as a symbolic relationship between quantum numbers rather than
as a relationship between physical quantities.
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The eigenstates of # (r,, r,) (eqn 3.52) transform according to irreducible
representations of the full rotation group applied simultaneously to both
electron functions. Starting with the one-electron eigenstates of #,(r,) and
Ho(ry), |11, my) and ||1,, m,), respectively, we have constructed functions
|L, M> which transform according to irreducible representations of the full
rotation group. Are they eigenstates of # (r,, r,)? We know that #(r,, r,) will
not mix states | L, M ) of different | L, M ) values. Hence #(r,, r,) will not mix
|L, M) states derived from the same pair of one-electron |[, m) states. On the
other hand #(r,, r,) may mix states of the same L, M values derived from
different pairs of one-electron states. We illustrate this in Fig. 3.11. We show
the | L, M ) states derived from the nd, n'd pair of one-electron states and from
the np, n'd pair of one-electron states. (We assume n#n’ so as to avoid
complications in the lower level due to the Pauli principle.) The | L, M ) states

—— |np,n'd; PM >
np,n'd

l

S E—

|np,n'd; DM, 5

i

1
-:—0-' |np,n'd; FM, >
configuration
mixing
through #'(r,,r,)

——————— |nd,n'd; SM;

l
t
i
'
[
1
|
|
|
|
|
1

l
] [}
/ —6+-:— ind,n'd; PM, >
. | 1
nd,n'd / ——— |nd,n'd; DM, >
1
x —g— |nd.N'd; FM, )
|nd,n'd; GM, >
Hoy= H(r)+ #,(r,) Ho= A+ H(r,.1,)

Fi1G.3.11. The figure shows in a symbolic way how a given configuration level splits up
into distinct L, M levels. The interaction between the electrons can mix states of the
same L, M, values from different configurations. The value of n’ is assumed to be

different from the value of n so that complications due to the Pauli principle do not
arise.
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which may be mixed by the H'(r, r,) component of H(r,, r,) are connected
by the broken lines in Fig. 3.11. This is the configuration mixing discussed in
Section 2.3.4, p. 40. If this mixing can be neglected then the |L, M) states
defined by eqn (3.56) are eigenstates of H(r,, r,). And the states with different
L values have distinct energies.

The relationship between |L, M ) and the |l;, m, >|l,, m,) product states
can be written

L, L
AN Y-l tM -3 ' 2
LMY= 3 (=D"RMRLAY) (mlmz_M>|ll,m1>|lz,m2>
(3.67)

where (ll L L > are the Wigner 3j-symbols.
mom, —M

So far we have confined our attention to orbital states and we obtained
irreducible representations of the full rotation group of odd dimensions. If we
consider more general functions, ie. spin or combined spin-plus-orbital
functions, we obtain irreducible representations of the full rotation group
which are of even dimensions. The operators for rotation of spin functions are
exp(—1i8.t0/h) where S is the spin angular momentum operator. Spin spaces
closed under S can be used to form representations. The set of spin functions
|S, M) span such a closed space, and these can be used to form irreducible
representations of the full rotation group. For half-odd integer values of S
these are even-dimensional irreducible representations. The formula (3.50) for
the character element in the l-irreducible representation is also valid for the S
irreducible representation:

s SIN(S+3)0
x(0)= Sn02 (3.68)

There are, however, some peculiarities about the rotations of spin functions
in the case where S has half-odd integer value. For a rotation through 2z + 6
we find

_sin(S+3)(2n+6)

’(2n+0)= Tsin@ri o)z (= 1)*x50). (3.69)

We appear to have a double-valued character since a rotation through 2z
reverses the sign of such characters rather than leaving them unchanged. A
rotation through 4zn, however, leaves all characters unchanged. This is a
peculiarity of spin functions; when S has half-odd integer values the functions
must be rotated through 47 to reproduce themselves.

To include rotations of spin functions in the group-theoretical analysis
Bethe (1929) introduced the idea of a double group which involves rotations
through 27+ 6 as well as through 6. There is a double group associated with
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the full rotation group and with the crystal groups discussed previously. For
example, if we are considering rotations through $n about some axis we must
also consider rotations through 27 +2n about the same axis. For convenience
of notation we write a rotation through 2 as R. In this larger group we regard
R? as the identity element, E. For every group element C,, say, we have an
additional element RC, which rotates functions through 27+ 2x/n.

Having generalized our analysis to take into account spin functions as well
as orbital functions, we can generalize eqn (3.56) to include the coupling of
two general angular momenta, j, and j,. We can use the (2j, + 1)(2j,+1)
product functions |j,, m; ) |j,, m,)> for specific values of j; and j, to form a
representation of the full rotation group. This representation is, in general,
reducible, and with a similar analysis to that used for orbital functions we find

. . J1ti2
DM@y xD#@)= Y D). (3.70)
J=1j1—jz2l
If we write the basis functions for the D” irreducible representations as |J, M >
we have

|J, M>= Z 11> my iz, my) (jyjamymy| M) (3.71)
my, my
where (j,j,mym,|JM) are the Clebsch-Gordan coefficients for the full
rotation group.

3.1.10 The octahedral double group, O’

For every group element C, in the octahedral group O we have an additional
element RC,. There are then 2 x 24 =48 elements in the octahedral double
group O'. If we are dealing with irreducible representations formed from spin
functions we find that, in general, y(f) may not equal y(R@) and so the
elements C(0) and RC(6) belong, in general, to separate classes. We observe
that for the full rotation group x(C,)=yx(RC,) always, so that C, and RC,
might belong to the same class. It can be shown (Heine 1960) that rotations C,
and RC, about a particular axis are in the same class if and only if there is
another twofold axis at right angles to this particular C, axis. Hence for the
octahedral group both C, and RC, are in the same class, as are C’, and RC}.
Similarly, the rotations C5 and RC% about the same axis are in the same class,
while the pair C3 and RC, about the same axis are in a separate class. C, and
RC3 are in the same class, while C3 and RC, together are in a separate class.
There are eight separate classes in the O’ group of 48 elements, and
consequently there are eight inequivalent irreducible representations. Five of
these can be formed from purely orbital functions and are the A, A,, E, T,
T, irreducible representations of the O group found previously. From
Burnside’s theorem we have Z?: , 17 =48 while we know ) ”_ I?=24. We see
therefore that 1Z + 1% + 12 =24 which gives Iy =1, =2 and I3 =4. The characters
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for these three irreducible representations can be found by applying the rules
cited previously, and the full character table for the O’ group is shown in
Table 3.5. The three additional representations I'q, I';, I'y are called the
doubled-valued representations. Double groups for other point symmetry
groups can similarly be found.

Table 3.5
Character table of the O’ group

4C,  4Ct  3C, 6C,  3C, 3C3

o E=R* R 4RC} 4RC, 3RC, 6RC, 3RC3 3RC,
A, =T, 1 1 1 1 1 1 1 1
A,=T, 1 1 1 1 1 ~1 —1 —1
E=T, 2 2 -1 —1 2 0 0 0
T,=T, 3 3 0 0 —1 —1 1 1
T,=T 3 3 0 0 —1 1 —1 -1
T, 2 =2 1 —1 0 0 J2 =2
r, 2 -2 1 - 0 0 -2 V2
Ty 4 -4 -1 0 0 0 0

3.1.11 Other point symmetry groups

So far we have concentrated on a small number of groups of rotations. There
are other groups of point symmetry operators which are of interest and we will
discuss them briefly. For example, the Hamiltonian of a centre in a solid may
be invariant under reflections in various planes through the centre. A
reflection is denoted by 6. The Hamiltonian may be invariant under inversion
(i) which takes r into —r. We now consider some of these other point
symmetry groups.

(a) The inversion group:i. This group has two elements, E and i, and when i
acts on f(r) it converts it into f(—r). These two eclements are in separate
classes, and there are two irreducible representations. Table 3.6 shows the
character table. The labels g (gerade) and u (ungerade) are used as subscripts to
distinguish the even-parity and odd-parity functions.

Table 3.6
Character table of the i group
i E i
g 1 1 all even-parity functions, ¢,

u 1 —1 all odd-parity functions, ¢,
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From the theorems on matrix elements we see that {¢,|¢,> =0. We also
consider the matrix element {¢;|¢;|¢, > where the subscripts i, j, k are either u
or g, and we see that if £; is an even-parity function there can only be non-zero
matrix elements between functions of the same parity, while if £; is an odd-
parity function there can only be non-zero matrix elements between functions
of opposite parity.

(b) The full octahedral group: O,. This is the group of all possible
rotations and reflections which take the cube or octahedron into itself. It is the
largest of the point symmetry groups and contains 48 elements. As noted in
Section 3.1.2, any symmetry operator of this group can also be achieved by an
operator of the O group followed by an inversion. So we can write

0,=0xi. (3.72)

We can classify basis functions for the O, group by how they transform under
O and how they transform under i. For example, the set of functions x, y, z are
odd-parity functions (u) and they transform according to the T, irreducible
representation of 0. They are classified as T, functions. Similarly, the set xy,
yz, zx belong to the T,, irreducible representation of O,

Since the one-electron 3d functions are of even parity, the (3d)" states of
transition metal ions also are of even parity. When the transition metal ion is
placed in an octahedral field the crystal field states formed from 3d functions
are of even parity, all are distinguished by a g subscript, and, since the electric
dipole operator is an odd-parity function, electric dipole transitions are
forbidden between these states. Odd-parity crystal field states formed from
(3d)""!p functions are 50000-100000cm ™! above the (3d)" level. If, in
addition to the octahedral crystal field, there is a weak odd-parity component
of the crystal field energy, this can mix some odd-parity (3d)"~!p states into
(3d)" states. This mixing has a negligible effect on the energy levels but can
have a profound effect on the optical transitions between the low-lying levels
since it now permits electric dipole transitions to occur between these states.

(c) The tetrahedral group: T. This is the group of all proper rotations
which transform a regular tetrahedron into itself. It has twelve elements
shown in Fig. 3.12.

(d) The full tetrahedral group: Ty. This is the group of all symmetry
operators (rotations and reflections) which transform a regular tetrahedron
into itself. T; does not contain inversion symmetry.

(€) The group C,. There is one n-fold symmetry axis. For example, group
C, has elements E, C,, C2, C3. These form four distinct classes, and there are
four one-dimensional irreducible representations.

(f) The group C,,. This includes the group C, and n vertical reflection
planes. These are illustrated in the case of C5, in Fig. 3.13. C,, does not include
inversion symmetry. The character table of Cj, is given in Table 3.3.
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3c,

4C,.4C2

FiG. 3.12. The rotation operators of the tetrahedral group, T.

e,

& o
vertical

reflection
plane

Fic. 3.13. C; axis and vertical reflection planes of C,,.

(g) The group C,,. This contains a horizontal reflection plane as well as
the group C,. This is illustrated in Fig. 3.14. It is clear that Camn includes
inversion symmetry: C,,, = C,, X i. On the other hand, C,, where n is an odd
integer does not include inversion symmetry.

C

n

Fic. 3.14. C, axis and horizontal reflection plane of C,.

(h) ThegroupD,. These groupsinclude C, and have in addition n twofold
axes perpendicular to the C,, axis, as illustrated in Fig. 3.15 for the case of Dj;.
The character table of D, is given in Table 3.3.
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c

3

o

CIZ

F1G. 3.15. The rotation operators of D;.

The character tables for the double-group D} and C%, are given in Table
3.7. We see that there are two one-dimensional irreducible representations
which are grouped together as 2A. We notice that these are complex
conjugates of each other. The wavefunctions which would correspond to these
two irreducible representations have the same energy. This means that there is
some symmetry element which has not so far been taken into account in our
treatment up to now. This is the time-reversal symmetry. If the Hamiltonian
has time-reversal symmetry all electronic energy levels containing an odd
number of electrons will be at least doubly degenerate. This is Kramers’
theorem (Sugano et al. 1970; Tinkham 1964).

Table 3.7
Character table of the D, and C;, double groups
A E=R> R  RC},C, RC, C} 3C, 3RC,
C,, E=R* R RC%,C, RC,,C2 36, 3Ro,
A, 1 1 1 1 1 1
A, 1 1 1 1 -1 -1
E 2 2 -1 -1 0 0
n 1 -1 -1 1 i -i
3" o {1 -1 -1 1 —i i}
2 -2 1 -1 0 0

3.1.12 Decomposition of irreducible representations of the full rotation group

The crystal rotation groups discussed in the previous section are subgroups of
the full rotation group. Consider such a crystal rotation group, G, whose
elements are indicated by R. We can form a set of representation matrices for
G by using the (2J + 1)-fold function space which belongs to the J irreducible
representation of the full rotation group. We write these matrices as D’(R). In
general this representation is reducible and we write
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D’(R)=Y arD"(R) (3.73)
r

where I” refers to the irreducible representations of G. The values of the ar
coefficients are readily obtained from the character decomposition formula

2/ (R)= ; ary' (R). (3.74)

The character elements x’(R) are obtained from egns (3.50) or (3.68). And the
character elements x'(R) are obtained from the character table of the group G.
Consider the case where G is the octahedral group. The decompositions of the
various J representations into irreducible representations of O (or O’) are
given in Table 3.8.

We apply this decomposition of the J representations to an analysis of the
splitting of free-ion levels in a crystal field, and in particular to the splitting of
rare-earth ion levels in an octahedral crystal field. As discussed earlier (Section
2.4, p. 47), the crystal field energy term for rare-earth ions is smaller than either
the Coulomb interaction among the 4f electrons or the spin—orbit coupling. If
the crystal field energy is neglected the rare-earth ion levels are the free ion
levels and are characterized by J values. If now the octahedral crystal field
term is taken into consideration the symmetry is reduced to octahedral and
the free-ion eigenstates for a given J level are the basis functions for a
representation of the octahedral group. This representation is, generally,
reducible, and the space of eigenstates can be separated into subspaces each of
which transforms as an irreducible representation of the octahedral group and
each has a distinct energy. The free-ion J level, which is (2J + 1)-fold
degenerate, splits up into sublevels and the number of sublevels is given by the
number of different irreducible representations of the octahedral group into
which the J representation decomposes (Table 3.8). The splittings of J =3 and
J =3 free-ion levels are shown schematically in Fig. 3.16. Whereas group
theory tells us the degree of removal of the (2J + 1)-fold degeneracy of the free-
ion level, it does not give the magnitude of the splitting nor say which crystal
field level is higher in energy. To obtain this information one must carry out
specific crystal field calculations, such as was done for the case of the splitting
of the d electron level in an octahedral field, as carried out in Section 2.6.

As long as the crystal field splitting is very much less than the separation
between adjacent J levels the crystal field eigenstates can be formed from
linear combinations of the free-ion eigenstates belonging to a specific J value.
The zero-order approximation is often adequate for rare-earth ions. If the
crystal field splitting is not small the crystal field term can mix together zero-
order functions belonging to the same crystal field representation but coming
from different J levels (J-mixing). Although the crystal field eigenstates have
become more complicated the symmetry properties are unchanged; the
crystal field labelling is valid for all strengths of crystal field.
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A,
T T
- =5
J=3 4 : J=3
\ T2 N
_— =

F1G. 3.16. Schematic representation of the splitting of free-ion J levels in a crystal field
of octahedral symmetry.

The difference of approach to crystal field calculations of the rare earth ions
and transition metal ions arises from the relative sizes of various terms in the
Hamiltonian. For rare-earth ions there is a definite ordering

H'(Coulomb) > #, > #,

and one approaches crystal field calculations by first calculating the eigen-
states of #'+ #,,—these are the free-ion eigenstates—and then calculating
the effect of #,. This is the weak field scheme.

For the transition metal ions #.>#,,. We could use the weak field
approach but the J-mixing would be so great that the original free ion states
would lose their identities. The J eigenstates are not the most suitable starting
functions. One generally can use either the intermediate or strong field schemes
(see Section 2.4, pp. 47-8). In practice the eigenstates of the Hamiltonian—
neglecting spin—orbit coupling—are calculated by diagonalizing the matrix
for #'+ #,, and the crystal field term, ., refers to the dominant high-
symmetry field—octahedral or tetrahedral. Smaller low-symmetry crystal
field terms and the spin—orbit coupling term generally are treated afterwards
by perturbation theory.

The analysis of the splitting of rare-earth ion J levels in octahedral fields can
be extended to the splitting in fields of other symmetry. Table 3.9 shows the
splitting of integer J levels when crystal fields of different symmetry are
applied. One sees that for a symmetry lower than D, the (2J+ 1)-fold
symmetry is fully removed.

Table 3.10 gives the splitting of half-odd integer J levels under various
symmetry crystal fields. We see that for all symmetries lower than octahedral
all degeneracies, except for the twofold Kramers degeneracy, is removed. The
Kramers degeneracy can be removed by the application of a magnetic field
which destroys the invariance of the Hamiltonian under time reversal.

3.1.13 Splitting due to spin—orbit coupling

We can use the same group-theoretical techniques to investigate the splitting
of levels due to spin—orbit interaction. We do this first for free ions, and then
for ions in a crystal field.
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Table 3.9
Number of crystal field levels into which a given integer J free-ion level splits
when the ion is placed in crystal fields of different symmetry. For a symmetry
lower than D, the (2J + 1)-fold free-ion degeneracy is fully removed.

degeneracy
D’ J+1) 0 T D¢ D, Dy C¢ C, Cy D, G,
D° 1 1 1 1 1 1 1 1 1 1 1
D! 3 1 1 2 2 2 3 3 3 3 3
D? 5 2 3 3 4 3 5 5 5 5 5
D3 7 3 3 5 5 5 7 7 7 7 7
D* 9 4 5 7 7 6 9 9 9 9 9
D3 11 4 5 7 8 7 1 11 11 11 11
D¢ 13 6 7 9 10 9 13 13 13 13 13
D’ 15 6 7 10 11 100 15 15 15 15 15
D?® 17 7 9 11 13 11 17 17 17 17 17
Table 3.10

Number of crystal field levels into which a half-odd integer J level
splits when the ion is placed in different crystal fields. For all
symmetries lower than octahedral the degeneracies are removed
except for the twofold Kramers degeneracy.

degeneracy

J 2J+1) 0 T Dg Lower symmetries
1 2 1 1 1

3 4 1 2 2 splitting similar to that of T
3 6 2 3 3

1 8 3 4 4

2 10 3 5 5

i 12 4 6 6

13 14 5 7 7

13 16 5 8 8

7 18 6 9 9

For the free ion case, if spin—-orbit coupling is neglected, the eigenstates are
products of orbital and spin states: |[LSM;Mg)>=|L, M, >|S, M). The orbital
and spin functions transform according to the L and S irreducible represen-
tations of the full rotation group with representation matrices D* and DS,
respectively. This results from the invariance of the Hamiltonian under all
rotations applied separately to orbital and spin functions. If spin—orbit
interaction is now taken into account the Hamiltonian is invariant under all
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rotations applied simultaneously to the orbital and space functions. The
product states [LSM; M) for a given LS term form basis functions for a
representation D™ x D5 of the full rotation group. This is generally reducible,
SO we write

D-xDS=Y a,D’ (3.75)
J
or

x’“xxs=;a,x’. (3.76)

A given LS level splits up into as many levels as there are J values in the above
decomposition. This decomposition has been calculated previously (eqn 3.70)
and we obtain

D x DS=D:*S4pt+S-t4 4 plL-sl
L+S
= Y D (3.77)
J=|L-S8|
which is a familiar vector model result.

In the case of an ion in a crystal field we find, in the absence of spin—orbit
coupling, that the orbital functions are classified according to irreducible
representations (I') of the point symmetry group. The spin functions are
unaffected by the crystal field and are classified according to irreducible
representations of the full rotation group, S. The eigenstate is a product of
orbital and spin states, labelled 25* T,

If spin—orbit coupling is now taken into consideration the Hamiltonian is
invariant under the point symmetry group applied simultaneously to orbital
and spin functions. The product states 25*!T for given S form basis functions
for a representation of the point symmetry group: this is generally reducible,

DSx D" =Y ap. D™ (3.78)
2

and the decomposition can be determined from the character elements. The
level is split up into as many levels as there are irreducible representations, I'’,
in the above decomposition.

As an example we consider the splitting due to spin—orbit coupling of the
28+1T = 4T, level of a transition metal ion in an octahedral crystal field. The
product state functions belong to the representation D*? x D™> and from
Table 3.6 we find the decomposition

1)3/2 X DTz: rs X T2=F6+F7+2r8 (379)

showing that *T, splits into four levels. Similarly 2E belongs to the product
representation D* x DF and we have

D*xDE: TyxE=T,. (3.80)
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For the *A, level we have
D¥2x DA: TyxA,=Tg (3.81)

showing that *E and *A, are unsplit by spin-orbit coupling.

The R-line of Cr®* in perfect octahedral sites is a transition between the
ground “A, state and the first excited 2E state. As. our symmetry arguments
show these two levels are unsplit by spin—orbit coupling and the transition is
characterized by a single sharp line.

We now analyse the case where the crystal field symmetry at the site of a
Cr®* ion is reduced to trigonal (D; or Cs)—a common distortion in
chromium-doped oxides. We analyse first the effect of this distortion on the
octahedral 2E level. The orbital state which belongs to the E irreducible
representation of O also belongs to the E irreducible representation of D; or
C,;, as we can see by comparing the character elements of these two
irreducible representations (Tables 3.1 and 3.3, or Tables 3.5 and 3.7). The
orbital state is unsplit by the trigonal distortion—as was stated earlier in
Section 3.1.8. The spin state belongs to D* of the full rotation group and to the
E irreducible representation of the D or C,, groups. The combined spin and
orbital function belongs to the E x E representation, and from the D; or Cs,
character table we find that this decomposes as E x E=E + 2A, showing that
the 2E level splits due to the combined action of spin-orbit coupling and
trigonal crystal field into two levels labelled 2A and E.

We next examine the effects of spin—orbit coupling and trigonal crystal field
on the *A, ground state. The spin state which belongs to D*? of the full
rotation group is found to belong to the reducible representation (2A + E) of
D, or C,,, as an examination of the relevant character elements shows. The
orbital A, state of the octahedral group also belongs to the A, irreducible
representation of C,,. The “A, state then belongs to the (2A+E)x A,
reducible representation of D3 or C;, and this decomposes as

(2QA+E)xA,=2A+E (3.82)

showing that the *A, level splits in two. The trigonal crystal field at the site of
the Cr3* ion in ruby can, to good approximation, be assigned the symmetry
C,, (see Chapter 9) and the upper and lower levels of the R transition are each
split in two. The 2E splitting is 29 cm ™!, while the #A, splitting is 0.38 cm ™ 1.
The luminescence is characterised by two sharp R-lines (R, and R,) separated
by 29 cm™!. Each of these lines has fine structure due to the ground state
splitting. The splittings of the >S*'T" levels in a trigonal crystal field are shown
schematically in Fig. 3.17.

3.2 Multi-(3d)-electron systems.

We now apply some of the group theoretical ideas of the last section to the
calculation of wavefunctions and energy levels of multi-(3d)-electron systems.
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F16. 3.17. Schematic representation of the splitting of some 25*'I" octahedral levels
due to spin—orbit coupling and a combination of spin—orbit coupling and trigonal
crystal field.

We return to Hamiltonian (eqn 2.53) and assume that we are dealing with an
octahedral crystal field. Since spin—orbit coupling is the smallest term we
neglect it initially; it can be taken into account afterwards by perturbation
theory. The resultant Hamiltonian is purely orbital and is

eZ

2
# =§<-;im+ VC,.(r,.)+Jf§’(r,-)> +Y

S dneglr;—r)]

=Z%g(r,)+z e#/(ri, rj)‘ (3.83)
i i>j

#9(r;) is the Hamiltonian for a single electron interacting with the central

field of the ion core and with the octahedral crystal field. The wavefunctions

derived from 3d-electron orbitals have already been found (Section 2.6). These
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are the @,,¢, @y, ¢, Orbitals which belong to the T, irreducible represen-
tation of O and which for convenience we now write simply as &, 1, {, and the
@eu» e, Orbitals which belong to the E irreducible representation and which
for convenience we write as u, v. The u, v functions are 10 Dq higher in energy
than the ¢, n, { functions. We seek the wavefunctions of the multi-electron
Hamiltonian (3.83) in terms of products of these one-electron orbitals (strong
crystal field basis functions).

3.2.1 Two-(3d)-electron wavefunctions.

In this case the Hamiltonian is

H i, r2)=H3r )+ H3w,)+H (ry,17)
=H G, r)+H (ry, 1) (3.84)

A 9(ry, r,), which is the sum of two one-electron crystal field Hamiltonians, is
invariant under all the rotation operators of the group O applied indepen-
dently to r, and r,. On the other hand, #'(r,, r,) is invariant under all
rotations of O applied simultaneously to r, and r,. This is also the symmetry
of #(ry,r,). The wavefunctions will transform according to irreducible
representations of the O group. With the aid of eqn (3.37) we can write down
functions formed from products of the one-electron crystal field orbitals
which transform according to irreducible representations of 0. We start with
two e-orbitals. Since E x E=A| + A, +E these product functions will belong
tothe A, A,, and E irreducible representations. From eqn (3.37) and the table
of Clebsch—Gordan coefficients for octahedral basis functions (Appendix 3B)
we obtain the product functions

% Ay> = [u(ryJulr) + ol )o(r)]
V2

1

le?, Ay =\/2 Lu(r)v(ry)—o(ry)u(r,)]

1
le?, Eu =\—/—2— Lulry)u(ry)—o(r)o(r;)]

1
e E0) = [ulry o) + 007 () (3.85)

These are the e* orbitals. No other product states can be formed from two
e-orbitals. ]

Since #°'(r, r,) can only mix product states which transform according to
the same row of the same irreducible representation this Coulomb interaction
term will not mix these states (3.85) together. It may, however, mix in states
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formed from different two-electron crystal field configurations, for example,
states formed from t,e orbitals. To the extent that this mixing is small and can
be neglected the above product states (3.85) are approximate orbital wave-
functions.

The |e2, A, ) state defined in (3.85) is symmetric under interchange of r; and
r,. In accordance with the Pauli principle this orbital function must be
multiplied by an antisymmetric spin function,

IS=0, Mg=0) =ﬁ [a(01)(03) — B0 )alo3)]

so that the full spin-plus-orbital wavefunction is antisymmetric under the
interchange of both spin and orbital coordinates of the two electrons. The full
wavefunction is

1
le?, Ay, Mg=0) =§ [u(ry)u(ry)+o(r,)o(r;)] [a(a,)B(a;) — Blo,)a(o,)]

\/2 (u™u™]+ "7 (3.86)
where [u*u~| is the Slater determinant

u(ry)a(o;) ulry)a(oy)

J2|u)Bey) ulr)Brs)|

In a similar way we see that the |e?, A,) orbital function is antisymmetric
under the interchange of r, and r,. Hence we multiply this by the symmetric
spin function to satisfy the Pauli principle. There are three such sym-
metric spin functions, |S, M>=|1,1), |1,0), |1, —1). We find

(3.87)

€2, A,, Mg=1) =315[u(n)v(rz)—v(rl)u(r»]«x(ol)a(oz)
—luto]. (3.88)

Similarly we find

le?, 3A2: Ms=0) =%[“(’1)1’(’2)_1’(’1)‘4(’2)] [a(a1)B(o2)+ Blo,)a(a2)]

+
\/2(|u v+ u"o*)
le?,3A,, Mg=—1)=[u"v"|. (3.89)

The orbital functions |e2, Eu) and |e2, Ev) are both symmetric under
interchange of r, and r,, hence they must be multiplied by an antisymmetric



124 Symmetry and Group Representation Theory

IS=0, Mg=0) spin function. The full wavefunctions are then

le?, *Eu, Ms=0>=ﬁ(|u+u“|—1v+v’l)
le2, ‘Ev, MS=0>=L(|u+v_|—|u_v+|). (3.90)

V2
We see that from two one-electron e orbitals we have found approximate
wavefunctions of the type A, 'E, 3A,. These differ in energy because of the
Coulomb interaction term 3¢ '(r, r,).

We proceed in the same way with two t, orbitals. Since T, xT,=A, +
E+T,+T, there are four sets of product orbital functions. The orbital
functions made up of product t, orbitals and which belong to these four
irreducible representations can be written down from eqn (3.37) and the table
of Clebsch—Gordan coefficients (Appendix 3B). One finds that the A,, E, and
T, product orbital functions are symmetric under the interchange of r, and r,.
Hence they will be associated with antisymmetric spin singlet states. The T,
product orbital function is antisymmetric under thg interchange of r, and r,,
hence it will be multiplied by a symmetric spin triplet function. To the extent
that mixing from other crystal field configurations can be neglected these
products of spin and orbital functions are approximate wavefunctions of the
Hamiltonian. These wavefunctions are given in Table 3.11.

We now consider the t,e configuration. Since Ex T,=T,+ T, there are
two sets of product orbital functions. From eqn (3.37) and the table of
Clebsch—Gordan coefficients we find, for example,

ltze, Tiy> ={(r()v(rz) (3.91)

which is neither symmetric nor antisymmetric. There is, however, another T,y
function, v(r,){(r,), and since these two functions transform according to the
same row of the same irreducible representation there can be matrix elements
of #'(ry,r,) between them, and individually they are not eigenstates of
H(ry,r,). The symmetric and antisymmetric combinations of these two
product functions, however, are eigenstates of #(r,, r,)—to the extent that
we neglect mixing from other crystal field configurations—and they have
different energy values. The symmetric combination is symmetric under
interchange of r; and r, and must be multiplied by the antisymmetric spin
singlet. This gives us

ltze, 'Tyy, Ms=0) =% [Lr)o(r2) +0(r,)(r2)] [a(01)B(02) — Blo1)x(02)]

1

=%(IC+U”I—IC‘U+I). (3.92)
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Table 3.11
Approximate octahedral crystal field wavefunctions

formed from t3 product orbitals (from Sugano et al.
1970).

I
J3

1
|t§’Eu>=—6(—lé+é‘l—|n+n_|+2l5+5_l)

v

|t§IEl’>=‘1—(|f+5_|—|'1+'1_|)
V2

(1A D =——(1E" & [+n" 0" |+ILT 7D

1
V2

It% 3’Tla7 Ms=1>'t=|’1+c+|

[ T, 0% =—-(1"n"1=1¢ 0™ ])

* The ¢ and n product functions can be obtained by the
appropriate cyclic permutation of the £ #, { one-electron
orbitals.

' The B and y product functions can be obtained by the
appropriate cyclic permutation of the &, 5, { one-electron
orbitals.

+ The M,=0, — 1 functions can be obtained by operating on this
function with the S_ operator.

The antisymmetric combination must similarly be multiplied by the sym-
metrical spin triplet. The resultant Mg=1 wavefunction is listed on Table
3.12. We have thus found that *T, and ' T, wavefunctions can be formed from
the t,e configuration. Similarly we find that 3T, and ! T, wavefunctions can be
formed from the t,e configuration, and some of these are listed in Table 3.12.

Table 3.12
Some approximate octahedral crystal field wave-
functions formed from t,e product orbitals (from
Sugano et al. 1970).

Itoe'Ty7) =r/1—2(IC+v‘|—IC_v D

Ite Ty, Ms=1) =|{"v"|
1

V2

Jt,e3T,0, Mg=1) ={{*u™|

[t,e ' T, 0D (" u™ =1 u™]
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The Coulomb interaction energy between the 3d electrons is comparable to
the crystal field energy so we cannot assume that the mixing of functions
derived from different crystal field configurations is small. This mixing must
be taken into account if we wish to obtain accurate energy levels. We can use
the approximate wavefunctions (strong field functions) to diagonalize the
Hamiltonian (3.83), the off-diagonal matrix elements being caused by the
Coulomb interaction J#'(rq, r,). Since #’ is invariant under all group O
operators applied simultaneously to r, and r, the only non-zero off-diagonal
matrix elements are those between functions which transform as the same row
of the same irreducible representation. There are only matrices of small
dimension to be diagonalized.

For example, there are two A levels, one from tZ and one from e? orbitals,
and there will be matrix elements of #’ between them. These matrix elements
have been evaluated by Tanabe and Sugano (1954) in terms of the Racah
parameters A, B, C. The full Hamiltonian matrix for # 3+ #'(r,, r,) is

A, (1G, 1S)
t3 e?
<A+10B+5C J62B+0) )
\/3(23+c) 20Dg+ A+8B+4C

We notice that the Racah parameter 4 enters once in the diagonal terms and
does not affect the energy difference between the levels. (It is similarly found
not to contribuite to the energy difference between crystal field levels of any
(3d)" system, and is not included in the tabulated matrix elements of the
Coulomb interaction.) The above matrix can be diagonalized to find the
energy of the two levels in terms of Dq, B, C. If Dq is put equal to zero the two
levels belong to the free-ion !G and 'S levels, and this is shown above the
matrix. The full set of matrices is given in Table 3.13 for the d? configuration.

A useful method of displaying the variation of energy with the Dq, B, C
parameters was used by Tanabe and Sugano (1954) who took advantage of
the fact that the ratio C/B=y should be almost constant through the
transition metal series. If a value of y is chosen this leaves only one adjustable
Racah parameter, B, as well as Dg. Tanabe and Sugano then plotted E/B
against Dq/B where E is the energy of the level. All energies were plotted
relative to the lowest level.

3.2.2 Energy levels of (3d)" electron systems in an octahedral field.

The full set of matrices of the Coulomb interaction for the (3d)" configuration,
for n=2 to 8, have been calculated by Tanabe and Sugano (1954) using strong
crystal field basis function, and they are tabulated in Griffith (1961) and in
Sugano et al. (1970). To get the full matrix elements for # 3 + #’ one adds the



Symmetry and Group Representation Theory 127

Table 3.13
Matrix elements of Hy + #'(r,, r,) for the d configuration. (From Sugano
et al. 1970.)

'A('G,'S) 'E('D, 'G)
t2 e? t2 e?
10B+5C  /6(2B+0C) B+2C -2./3B
J6(2B+C)  20Dq+8B+4C -2/3B 20Dg+2C
'T,('D, 'G) *T,(°F, °P)
t2 t,e 2 t,e
B+2C 2./3B -5B 6B
2/3B 10Dg+2C 6B 10Dg+4B
t,e'T,('G) 10Dg+4B+2C
t,6°T,(*F) 10Dg—8B
e?3A,(F) 20Dq—8B

appropriate diagonal crystal field matrices elements (multiples of 10Dgq), as
has been done in Table 3.13. The resulting matrices must now be diagonalized
to get the energy levels in terms of the positive parameters Dq, B, C. As long as
one is dealing with pure d states the (10 —n)-electron system can be regarded
as an n-hole system, except for a constant energy term which can be ignored
(Sugano et al. 1970). The Coulomb energy of mutual interaction between the n
positive charges is the same as that between n negative charges, hence the free
ion energy levels will be the same for the n-electron system and for the (10 —n)-
electron system. But the energy of interaction of n positive charges with the
crystal field will be opposite in sign to that of n negative charges. Hence to
calculate the crystal field energies for the (10 — n)-electron system we carry out
the diagonalization procedure for the n-electron system but use a negative
value for Dq. For example, to calculate the crystal field levels for Co2*(n=7)
in an octahedral crystal field we use the matrices of the n=3 system but use a
negative value of Dg.

Plots of E/B against Dq/B are given for each (3d)" configuration from n=2
to n=8 in Figs. 3.18-3.24, and these are calculated by diagonalization of the
relevant matrices. We observe the similarity between the (10—n)- and n-
electron systems. If Figs. 3.20 (n=3) and 3.21 (n="7) are compared one finds
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E/B 1A, (e2) 1E(e?) 3A,(e2)
70
T, (t,e)
T,(te)
1g 50 3T, (te)
3T,(t,e)
A, (1)
30
G
ap TE(t2)
'D T,(12))
10
3
S CTa ()
0 1 2 3 4
Dq/B H.

Fic. 3.18. Energy levels of a 3d? system in an octahedral crystal field. The values have
been calculated for y=4.1, a value appropriate to V3* in alumina. For this material
Dq/B == 3. The theoretical free-ion values, obtained by putting Dg=0, are shown on
the left. For large values of Dg/B the sets of levels associated with the t2, t,e and e’
strong field orbitals are seen to adopt distinct slopes.

that both have the same free-ion levels, one finds that the ground free-ion state
4F is split into three by the crystal field in both cases, but the order of the
splitting is reversed in the two cases, being *A,, 4T,, *T, in ascending order
for (3d)® and *T,, *T,, “A, in ascending order for (3d).

For the case of a (3d)’-electron system the values of n and (10 —n) are equal,
hence, since one can go from the n- to the (10 — n)-electron system by reversing
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A, T, JE o
60 |- T,
'IT2
1S
3T1
40 3T,
E/B A,
6
20
E
3p
D
3F 1 1 ] 1°%A,
0 1 2 3 4
Dq/B

Fic. 3.19. Energy levels of a 3d® system in an octahedral crystal field. The values have
been calculated for y=4.4, a value appropriate to Ni?* in magnesium oxide. For this
material Dg/B=0.9. The theoretical free-ion values, obtained by putting Dg=0, are
shown on the left. The order of the free-ion levels for the 3d® system is identical to the
order for the 3d? system (Fig. 3.18), as explained in the text. The reversed order of the
crystal field splitting in the 3d? and 3d® systems is obscured by the mixing of identical
crystal field states from different free-ion levels.

the sign of Dq the splitting pattern in the (3d)’-electron system must be
independent of the sign of Dg. The splittings, then, do not vary linearly with
Dgq, as is evident in Fig. 3.24.

3.2.3 Energy levels of (3d)" electron systems in a tetrahedral field

We have seen in Section 2.6.3 that for a transition metal ion in a tetrahedral
crystal field the even-parity component of the crystal field can again be
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2A_ (12e
EB 5 2 (t3e) 4T, (t,82)
2A, (t2e)
50 “T,(Ze)
. 4T, (t2e)
2T,(13)
30
T, (13)
26 2E(13)
ap
10 |
—— L L L A1)
0 1 2 3 4

Dq/B

Fi:. 3.20. Energy levels of a 3d* system in an octahedral crystal field. The values have
been calculated for y=4.8, a value appropriate for Cr** in aluminium oxide. For this
material Dg/B=2.8. The theoretical free-ion levels, obtained by putting Dg=0, are
shown on the left.

characterized by a parameter Dg, but this now has a negative value. Thus the
octahedral crystal field matrices can be used with Dq regarded as a negative
quantity. For example, the crystal field splitting of a (3d)” system in a
tetrahedral crystal field is the same as in an octahedral crystal field but with
negative Dq, and, from the analysis of the previous section, we know that this
has the same pattern as the splitting of a (3d)? system in an octahedral field.
Thus the splitting of the levels of Co2* (n=7) in a tetrahedral field is similar to -
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E/B 2A, 4A, A,
oT

oT

2F o7

30 |

2 : / : o
G (' 1
ap _

10

aF | !

] 2E

Dq/B

Fic. 3.21. Energy levels of a 3d” system in an octahedral crystal field. The values have
been calculated for y=4.5, a value appropriate to Co?* in magnesium oxide. For this
material Dg/B=1.1. The theoretical free-ion levels, obtained by putting Dg=0, are
shown on the left. The apparent discontinuity at around Dg/B=2.1 is due to the 2E
level becoming the lowest energy level at and above this value. For Dq/B less than 2.1
the *T, level is lowest.

the splitting of Cr®* (n=3) in an octahedral field. In all cases the Dq value
used in the figure should be regarded as the magnitude of the appropriate
octahedral or tetrahedral crystal field parameter. For the case of a (3d)>-
electron system, for which the octahedral splitting pattern is independent of
the sign of Dq, the splitting patterns are identical for octahedral and
tetrahedral crystal fields.
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E/B
70
3
'F 50 *
1
30
3G
3F
3H :
R I
|
1 e
1T2
| SE
0F ., aT, |
1
|
|
5D L °E L \Z ;5T
0 1 2 3 4
Dq/B

Fic. 3.22. Energy levels of a 3d* system in an octahedral crystal field. The values are
calculated for y=4.61. The theoretical free ion values, obtained by putting Dg=0, are
shown on the left.

The splitting of (3d)"-electron systems in a cubic field is similar to the
splitting in a tetragonal field but the crystal field is twice as strong.

3.2.4 Lower-symmetry fields and spin—orbit coupling

In many cases the crystal field is not one of perfect octahedral or tetragonal
symmetry, and additional lower-symmetry crystal fields may occur. These
may cause a splitting of the octahedral or tetrahedral levels. If the lower
symmetry is known one can use group theory to determine if splitting occurs,
but one must evaluate matrix elements of the low-symmetry crystal field
energy if one is to estimate the splittings quantitatively. By means of the



Symmetry and Group Representation Theory 133

ge 3A, 1A, 3A, A, IE
3F
F 50
l
30
3G
3F
3H
10
5D

Dq/B

Fi1G. 3.23. Energy levels of a 3d® system in an octahedral crystal field. The values are
calculated for y =4.81. The theoretical free ion values, obtained by putting Dg=0, are
shown on the left.

Wigner—Eckart theorem one can estimate the splittings and shifts of the
energy levels in terms’ of one or more reduced matrix elements of the lower-
symmetry field, and these reduced matrix elements can then be regarded as the
parameters which classify the strength of the lower-symmetry field.

The effects of lower symmetry fields are often comparable in size to the
effects of spin—orbit coupling, and one may need to consider both lower
symmetry crystal fields and spin-orbit coupling together. Matrix elements of
H,o=) E(r;)l.s; must be evaluated between |STM,y) states, where I'y

characterize the orbital eigenstates with respect to the symmetry of the crystal
field, while SM characterize the spin eigenstate. Expressions for the matrix
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EIB 2
oF
SE
2A,
2A,
ap,,4E
4D
2E
4G
2A,.°T,
a7,
oT, (t2e)
A, (t3e2?)
65 ) 2T, (13)

Dq(B

F1a. 3.24. Energy levels of a 3d® system in an octahedral crystal field. The values have
been calculated for y = 5.55, a value appropriate to Mn?* in manganese fluoride. The
theoretical free-ion values are shown on the left.

element (ST My|#,,|S'T'M_y"> have been worked out by Sugano et al. (1970)
in terms of reduced matrix elements and these are tabulated in their textbook.

Appendix 3A. Clebsch—Gordan coefficients for basis functions
of the full rotation group

Linear combinations of products of angular momentum eigenstates, |j, m, >,
|j» my >, for a specific set of values of j; and j,, can be chosen which are also
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eigenstates of total angular momentum characterized by the quantum
numbers, J, M:|j,j, JM). These are given by the Wigner formula

lj1j2dM>= Z [JimyDljamy) {jijamimyljij,JM ) (3A.1)

my,m2
where {j,j,m;m,|j,j,JM ) are the Clebsch-Gordan coefficients. They are
real and satisfy the relationship {j,j,m;m,|j;j,JM > ={j;j,JM|j j,mim;>.
The choice of phases for these coefficients are such that
Cadimamyljajr IMY=(= 1" 277 jamym,|jyj2 JM ). (3A2)

Equation (3A.1) is sometimes written in abbreviated form

[IM =3, [my>lmy) (mymy|IM ) (3A3)

my, m2

where a specific set of j,, j, values is understood. Values of these coefficients
for some low values of j, and j, are listed in Table 3A.1.

Table 3A.1
Values of Clebsch—Gordan coefficients {j, j,m;m,|j,j,JM ) for some speci-
fic values of j,, j,

jl=%9j2=%

J 1 1 1
mg myM 1 0 —1
A
p - V4 )
_1 1 \/1 _ /L
2 2 2 2
~ 4 1
j1=1’j2=%

N
my m, M 3 1 -1 -3 1 -
1 1 1
1o 3 Vi
U 3 —V3
o - 3 i
-1 3 -V

|
—
|
N= N
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jhi=1j=1
J 2 2 2 2 1 1 0

m, m, M 2 1 0o -1 =2 - 0
1 1 1

1 0 Vi 3

0 1 Vi -3

1 -1 3 3 3
0 0 2 0 -4
-1 1 & —V3 3
0 -1 1 1
-1 0 3 -Vi
-1 -1 1
j1=%J.=%

J 2 2 2 2 2 1 1 1

m, m, M 2 1 0 -1 =2 1 0 -1

3 3 1

3 1 1 3

2 2 4 4

1 1 3 _ /1

2 3 4 Y

b Vi 3

-3 3 Vi -3

—1 1 3 1

2 2 4 4

3 1 1 _ /3

2 2 4 4

-3 -3 1
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5 5 5 5 5 s 3 3 3 3 1 1
2 2 2 2 2 2 2 2 2 2 2 2
s 3 1 _1 _3 _s 3 1 1 _3 1 _1
2 2 2 2 2 2 2 2 2 2 2 2
3
5 1 1
3 2 3
3 0 5 5
1 1 3 _ /2
2 5 5
3 1 2 1
3 —1 10 5 2
1 0 3 \/L _ /1
2 5 15 3
1 1 3 _\/L 1
—2 10 15 6
1 3 8 /1
2 _1 10 15 AV
1 3 _ /L _ N1
-2 0 5 15 3
3 1 _ /2 1
-2 1 10 5 2
1 3 \/;
-z —1 5 5
2 _ /3
_% 0 5 \/5
3
-3 1 1
5 5 5 s 5 5 3 3 3 3
2 2 2 2 2 2 2 2 2 2
5 3 1 1 3 5 3 1 _1 _3
M 2 2 2 -2 -2 -2 2 2 2 2
1 1
1 1 \/g
2 5 5
1 4 _\/1
2 5 5
1 2 \/;
2 5 5
1 3 _ /2
2 5 vV S
1 3 2
2 5 5
1 2 _ /3
2 5 5
1 4 1
-2 5 5
1 1 _\/.i
2 5 5
1
-1 1
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Appendix 3B. Clebsch—Gordan coefficients for octahedral basis functions

Linear combinations of products of octahedral basis functions (belonging to
the I'; and T, irreducible representations) can be chosen which belong to the
I' irreducible representation. Using the cubic basis functions this is written

S, 9= o1, 7)) (T2, 72) <TyT2717,1T7) (3B.1)

Y172

with the inverse relationship
(T, 71) (T3, vz)=§¢(r, NI Tapy72)- (3B.2)
For trigonal basis functions we have
o(T, M)=M1};MZ¢(I“1, M,) ¢y, M)KI' T, M, M,TM>. (3B.3)

The <I"yT",y,y,|T"y) and <I";I", M, M,|I’ M) factors are the Clebsch—-Gordan
coefficients and are the elements of an unitary matrix. With cubic basis
functions the Clebsch—Gordan coefficients are real, while for the trigonal basis
functions we have

(T, T3 M M,|TM>=(TM|T,T,M,M,>*. (3B4)

Values of the Clebsch—Gordan coefficients (taken from Sugano et al. 1970) are
given in Tables 3B.1 and 3B.2.

Table 3B.1
Clebsch—Gordan coefficients, {I",I",7,7,|I'y>, with cubic bases

(KT T2y172Ty> =<, 1y,7,/T'y)> when I'; #T75)

A, xA, A,xT,
I A, r T,
L2 Z S R v vy o By
e, e -1 ¢ -1 0 0
e, n 0 —1 0

4 0 0 -1
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T,xT,
r A, E T, T,
Y1 V2 Y e, u v o y ¢ n ¢
T i
B 0 1o 0o
¢ n ;0 | 0 o | 0 7 10 0 R
¢ polo 0 fo & 0 jo0 ko0,
e A N
&0 o0 fo 0 —jo 0
nn{jT:—jT—jTIO 0 0:0 0 0
¢ bo 0 0 g 0 0 k0 0
e . T T
¢ o g 0 | o1 I | ]0 A
0 0 -5 0 -5 0 0
C | ) | , I V2 | Jv2
Table 3B.2
Clebsch—Gordan Coefficients with Trigonal Bases
T\ M M, |TM ) =(TM|["\[,M M, >*
(T M ML [TM ) =T, MM, |[TM ) when I'y #T75)
A, xE A, xT,
r E r T,
1\,[1 M2 M u, u_ M1 M2 M a, a. 4ag
v o x. -1 0 0
e, . € X._ 0 -1 0
u- 0 i Xo 0 0 -1
A, xT, ExE
r T, r A, A, E
M M, M x, x_ x, M M, M e ey, u,
a, 1 00 u, 01 0 !'0 -1
u, L |
e, a. 0 1 0 u_ —Tl—j-llo
0 0 1 R A I T P
% u. U+ _JT: vz :0
u_ 0 |0 |1
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ExT,
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4
Radiative transition rates and
selection rules

"

ALTHOUGH the discussion in the preceding two chapters concentrated on the
stationary states of an electronic system, the need to consider perturbations
which mix stationary states and thereby excite transitions between these
states was noted. In this chapter we apply time-dependent perturbation
theory to estimate the rates of such transitions, first by developing a general
formula for the transition probability between initial |i) and final | f ) states; if
the initial state [i) is lower in energy than |f ) an absorption transition is
involved, whereas if | ) is the lower state emission takes place. We then
consider in some detail how such transitions are caused by interactions
between the electronic system and the radiation field.

4.1 Time-dependent perturbation theory

In the absence of perturbations the quantum system in described by a
Hamiltonian s with eigenstates and eigenvalues |n) and E,, respectively,
where n refers to the set of labels which characterizes the eigenstate. The
system is now perturbed by an interaction #, which we speak of as the
perturbation; we are interested in the action of #; in causing transitions out
of a state |i). Because of the perturbation the Hamiltonian is now # + 5#; and
we seek new eigenstates which we can write as linear combinations of the
original stationary states

Y= Zc )|n) exp(—iE,t/h) 4.1
and W satisfies the Schrodinger equation

(Jf+%1)2c Yn>exp(—iE,t/h)

—1h Zc )|n) exp(—iE, t/h) (4.2)
Since # |n)=E,|n), eqn (4.2) reduces to

Zc )#, |n) exp(—iE,t/h) _1hz (—1E,t/h). 4.3)
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Multiplying from the left by { f| and integrating both sides of eqn (4.3) with
respect to spatial coordinates one obtains by using the orthogonality property
of the |n) states

de,

3= _%;cn(g (S 1#, ny explio 1) (44

where hw,,=E;—E,. Equation (4.4) is a set of coupled equations. Let us
assume that at t =0 the system is in an initial state |n) =|i>: ¢;(0)=1, ¢,(0)=0
for n#i. We further assume that the perturbation s, is weak so that for a
period after t =0 we can replace c,(¢) by ¢, (0) on the right-hand side of eqn (4.4)
which then becomes

dey _

SE= 1D expliot) 45)

The perturbations which are of interest are real and oscillatory in time with
angular velocity w and have the form

H#, =Vexp(—iwt)+ V*exp(iot) (4.6)

where V' is a function of spatial coordinates only. Inserting eqn (4.6) into eqn
(4.5) gives

de; (¢)
dt

- —%[Vﬁexp (@ — o)+ Viexp i +o)t] @7

where V= f|V[i) and V};={ f|V*|i). Integrating over time we find

es(0)= —%[ Vi (e"pi(“’”_“’”‘ : >+ v (e"pi(“’f"“’)t_ 1 )} 439)

i(w;—w) i(w;+w)

The value of |c,(t)|* is the probability that the electronic system, initially in
state i, will be found in state f after time . The value of ¢, (t) will only be
significant when one of the denominators in eqn (4.8) becomes zero. We
consider two cases separately.

l. o;—w=0.  is a positive quantity, the angular velocity of the
oscillatory perturbation. We require w =w,;=(E;— E;)/h, ie.

E,—E;=ho. 4.9)

State fis higher in energy than state i; this is an absorption process.
2. w;+w=0. In this case state f is lower in energy than state i by an
amount Aw and we are dealing with an emission process.
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Let us consider the absorption process in more detail. We have

V| expilwy—w)t—1
Cf‘”*‘?[ pry—”
V| expilws—w)t/2 {exp i(w;—w)t/2—exp—i(w,;—)t/2}
- h (wpi—w) ‘
4.10)
This gives ’
Ve |? sin*i(w,;— o)t
DP=4-L1| —L 4.11
e OF =415 =0 0 @.11)

Figure 4.1, which plots sin?[(w ri—0)t/2]/(w;— w)?, has a maximum when
w;;=w, showing that the absorption transition probability is a maximum
when E;— E;=ho.

sin2 (o,— )t

(wﬁ -w)?

I
_2mjt -t 0 n/t 2n/t

(04— 0)—

Fic.4.1. Aplot of [sin*(w;— )t/2]/(w ;;— w)* against ( ;;— w). This has a maximum
when w=awg;, that is when ho=E,—E,.

in the radiative absorptive process induced by interaction with the
radiation field the electronic energy difference is made up by extracting a
photon of energy Aiw from the radiation field. Conservation of energy requires
E,—E;=hw. This is a resonance condition. Figure 4.1 shows also, however,
that the absorption process can occur for frequencies near resonance, this
discrepancy in energy being within the uncertainty in energy allowed by the
Heisenberg uncertainty principle.

If the perturbation is due to a large number of oscillatory modes, as is the
case when the electronic system interacts with the radiation field, there is a
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quasicontinuum of values of w and the perturbation has the form

H,=) V®exp(—iwt)+complex conjugate. 4.12)
The prob'ébility of a transition from i to fin a time ¢ due to this perturbation is
found by summing over the probabilities for all the modes individually:
|2
R

sin? 3w, —w)t
[%(wfi - w)]z

If the density of modes is large we can replace the summation by an
integration. The density of modes—the number of distinct modes per unit
angular velocity—is written as p(w). The probability can be written

2sin? Hw,;—w)t

lq‘mZZJ. G-l

As Fig. 4.1 shows, only a narrow band of modes, those with oxw/,,
contributes to the absorption probability. Assuming that the perturbation
V(w) can be regarded as constant over this range of modes, and that p(w)
varies sufficiently slowly that p(w) may be replaced by p(w ;) over this range
of modes, then we find that

ey (t))? =Z

o

4.13)

vy
h

p(w)dw. (4.14)

o0

y |2 sin? H(w ;—w)t
luw{f'(mf-ii;—m
=57 PR | Tap—or
2 v sin? X

e o)

We have assumed that the sin®X/X? function has fallen to zero at X = w ;t/2
so that the upper limit to the integral can be replaced by + co. The value of the
integral is n. Therefore eqn (4.16) becomes

2n
|cf(t)]2=Ft|V(f(?)lzp(wzwfi)' (4.16)

This formula, derived for an absorption process when the state | f > is higher
in energy than state |i ), was obtained by considering the first term in eqn (4.8).
For the emission process, where the final state, f, is lower in energy than the
initial state, i, w,; is negative and the second term in eqn (4.8), becomes
effective.

Consider now the processes of absorption and emission between the
ground state, a, and an excited state, b, which involve transition probabilities
determined by V21> and |V $"|?, respectively. Since |V{)|=|V©"| the
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transition probabilities for absorption and emission are equal. We define the
transition probability, W, as the probability of a transition |i)—|f ) per
unit time. We can write

2n
Wip=15 VP (o) (@.17)

where hw = + (E,—E,;). The positive sign implies an absorption transition
and the negative sign an emission transition. This equation is known as
Fermi’s Golden Rule.

4.2 The radiation field

The perturbation responsible for optical transitions in atomic centres is the
interaction between the atomic centre and the electromagnetic field. In this
section we review the properties of the electromagnetic field, defined by
stating the values of E and B at all positions and at all times. These field values
are given by Maxwell’s equations in terms of charge density and current
density. The electromagnetic field will be assumed to be contained in a cube of
linear dimension L and volume ¥, and this space is assumed to be filled with a
linear isotropic non-magnetic material. If there are no charges other than the
bound charges in the material and no conventional current except for any
vibratory motion of the bound charges then Maxwell’s equations have a
particularly simple form:

V.E=0
V.B=0
0B

VxE=—"—
X ot

(4.18)

where k is the dielectric constant of the material. E and B expressed in terms
of a vector potential 4 and a scalar potential ¢ are

0A4
E=—-V¢p—— 4.19
Vo= (4.192)
B=V x A. 4 (4.19b)

A and ¢ are not uniquely defined by these equations. To see this we consider
A'=A+Vf, f being any scalar function of space and time. Since Vx V=0,
V x A'=V x A and so there is an indeterminacy in the definition of 4. Since 4
and ¢ are both involved in the definition of the electric field strength, E, there



Radiative Transition Rates and Selection Rules 151

is also an indeterminacy in ¢. Consider ¢’'= ¢ —(df/0t). Then

oA o, 4 D

—Vé'- ot —_V¢+5tvf— ot ot

vf
0A
aarn

=E. (4.20)
So ¢’ and A’ are equally good potentials where

¥

ot

¢ =
A'=A+Vf. 4.21)

These are called gauge transformations.
To define 4 and ¢ without indeterminacy we need to introduce an
additional condition. The Coulomb gauge, which requires that

V.A=0 (4.22)
is convenient for discussion of radiation problems. Since V. E=0 we find from
eqn (4.19a) that 0= —V?¢ —(0/0t)V . A, giving

V2¢=0 (Poisson’s equation). (4.23)

In the Coulomb gauge ¢ is a function of the distribution of charge, but for a
linear isotropic material the bound charge density is zero, and in the absence
of any free charges we can take ¢ =0. We now have

0A
E=-"" .
o (4.24a)
and
B=V x A. (4.24b)

Inserting these into the fourth Maxwell equation we derive the following
differential equation for A:

0’4 (n\*d3*4
VZA=poeok == - | = 4.25
Hoé&o ( c) ot? ( )
where pye,=c 2, c is the velocity of light in vacuo, and n is the refractive index
(n=x?).

The solutions of this differential equation which concern us are the
travelling electromagnetic waves:

A expi(k.r—wt) (4.26)
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where k and w are related by

and where v is the velocity of the wave and k is the wavevector which points in
the direction of propagation of the wave. The wavelength is
2n

Tk

where k is the magnitude of the wavevector. We impose periodic boundary
conditions on these travelling wave solutions:

A (4.28)

expik.(r+ Lx)=expik.r, etc, (4.29)

where £ indicates a unit vector in the x direction. From this we find that the k
values are restricted to k =k, X +k, y+k,Z, where

2nn,

2 2mn,
= k= My =" (4.30)

¥y L,_ L’

k k
n,, h,, n, being positive or negative integers. For a k value satisfying these
conditions, the value of angular velocity is

w=w;=(ck/n). (4.31)

The solutions are characterized by the values of the wavevector, k.
Using eqn (4.30) the number of different k values whose magnitude lies
between k and k+dk can be written as
L\ vV
4n| — | k?dk=——; k2dk. 432
" < 2 ) 22 (432
Substituting from eqn (4.31) into eqn (4.32) defines the number of solutions
with angular velocity between w and o+ dw, i.e. the density of k-modes, p,(w),
as

4 2
Pu@)=5 5 w?do. (4.33)

For each k-mode there are two distinct polarization modes, i.e. two distinct
directions of the E vector of the radiation.
The general solution for A(r, t) can now be written

A, )= ), [APexpitk.r—wt)+AP*exp—i(k.r—owt)] (4.34)
all
modes

where the summation is over all k-modes and all polarization modes. The
requirement that the coefficients in front of the two oscillating terms be
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complex conjugates of each other follows from the requirement that E and B,
which are calculated from A4 (eqn 4.24), are real. The expressions for E and B
are

E(r,0)=Y [(EQ®expilk.r—owt)+E®*exp—ik.r—ot)] (4.35)

modes

B(r,t)y= Y [BY expi(k.r—ot)+B®*exp—i(k.r—wt)]  (4.36)

modes

where
kx EQ®
EO=iwd®, BO="""k 4.37)
Wy
The magnitudes of E{” and B\ are related by
E©
B =Ex] . L (4.38)

E!® and A are parallel to each other. Since V. 4=V.E=0 we see that for
each mode k.A4.Y =0, so that 4, and E, are transverse to the direction of
propagation of the k-mode, and from eqn (4.37) B, is transverse to both k
and E,.

The electromagnetic energy contained in a k-mode is 2&, x| E{"’|2V. Hence if
EQ is a slowly-varying function of k we can express the energy density per
unit angular velocity, per unit volume, as

u(w)=4eok| E” 1 py (o) (4.39)

where a factor of 2 is included for the two polarization modes, assumed to
have the same value of | E(?|. The energy density can also be expressed in
terms of the number of photons in each allowed mode. If n,, is the number of
photons in a mode of angular velocity w with a particular polarization which
are introduced into the cube ¥, then the energy introduced at this frequency
and polarization is n,hiw. Hence the energy per unit angular velocity and per
unit volume in the introduced radiation is

u(w)=2n,hw p/V (4.40)

where the factor of 2 takes into account the two senses of polarization. This
introduced radiation is in addition to the ever-present zero-point radiation.

4.3 Interaction between the electronic centre and the radiation field

We now apply the time-dependent perturbation formula (eqn 4.17) to the
interaction between the electronic centre and the radiation field. This enables
us to calculate such experimental variables as the lifetime and absorption
coefficient of the centre.
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4.3.1 The electromagnetic interaction Hamiltonian

The Hamiltonian for the electronic centre in a solid (eqn 2.53) must now be
modified to include the interaction of the centre with the electromagnetic field.
This requires the replacement of p; by p;+eA in the kinetic energy term

Y p?/2m. Also, the interaction energy of the magnetic moment of the spinning

electron with the magnetic field must be added. The extra terms in the
Hamiltonian due to these interactions are
(pited(r;, 1)’ pi e
—_—— ) —+— ) ;. B(r;, t 441
z,-: 2m Z.-“Zm m Z (ris ) (441)
where r; is the position of the ith electron. This perturbation term can be
written
e
%ﬂzzz—(p,-.A—kA.p,.+2s,-.B+e2A2). (4.42)
T <
The e*A? term allows interactions between photons through their electro-
static coupling to the atomic centre; for normal light intensities such
interactions are negligible. Hence we ignore the e*4? term and write
pi-A=A.p,—ihV.A=A . p,since we are in the Coulomb gauge. The pertur-
bation is then

>, =% Y (A.p; +s,.B). (4.43)

Using eqns (4.34), (4.35), (4.36) and (4.37) this becomes

. E©
H1=.—£-3~ Y Zexpi(k.ri—wkt)<p' k +is,»B,§°’>

1M modes i (Uk

+complex conjugate. (4.44)
This is of the form we assumed previously (eqn 4.12) with V() = V) given by

LEO
V(wk):%;exp(i k'ri)<plTl‘+1si-BI§0))' (4.45)

k

If one adopts maximum possible values for the expectation values of p; and
s; then in the optical region the effect of the p,. E{®/w, term is much larger
than that of the s;. B{” term. And since in the optical region k.r; <unity,
exp(ik . r) can be approximated by 1 +ik.r. Retaining only first- and second-
order terms V%) can be written as

0
V(wk)z,iz:(pi'E’i )+i(k-ri)(pi-ElfO))
m 5 @,

+is,. B,f°’>. (4.46)

Wy
The second term on the right-hand side of eqn (4.46) can be expanded by
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writing k.r)EL . p)=3[k.r)EL .p)+k.p)EL .r)]
+3[k.r)EL . p)—k.p)E .r)].  (447)
Using the vector relationship
(axb).(cxd)=(a.c)(b.d)—(a.d)(b.c) 4.48)
and taking care to maintain the order of the r; and p; operators the second
term on the right in eqn (4.47) becomes with the aid of eqn (4.37)
Yk xEQ®).(r;xp)=%w, 1. B°. 4.49)

The first term on the right-hand side of eqn (4.47) can be written, using p, = mr,
as

L R)(EL )+ (k5 E 1)

_md

=75 g LK-rES r)] (4.50)

Now the only spatial operator in the first term in the expression for ¥ %)
(eqn 4.46) is p;. Hence the matrix element of p; between electronic states |i)
and | f >, obtained using p; as m¥; and the operator relationship

F= —%[r, H] 4.51)
is’
CAAplid>=ima g  frli) (4.52)

where hw ;= E ,— E;. Since the conservation of energy requires that w,;=w,
we can replace the operator p; in the first part of ¥“*) (eqn 4.46) by imw, r;. In
a similar way the operator shown in eqn (4.50), which is multiplied by e/imw,
in the expression for V“*) can be replaced by

imw

T(k-"i)(E/fO)-"i)=

s yp kEL) (4.53)

which we write as a contraction of two second-rank tensors. With these
substitutions the expression for V) becomes

e~y [er. E,f°’+% (i+25). B +terr:kE®].  (4.54)

Since this is real it is the appropriate form for both emission and absorption
transitions. The first term in this V¥ formula contains ) er; and is the
electric dipole (ED) term, the second containing e/2m Y ,(l;+2s;) is the
magnetic dipole (MD) term, while the third term containing er;r; is the electric
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quadrupole (EQ) term. The relative strengths of the three allowed transitions
are in the approximate ratio ED: MD:EQ ~(ea,)?*:(ug/c)*:(eadn/A)?, where
a, and pg are the Bohr radius and Bohr magnetron, respectively. This ratio is
approximately 1:107°:107¢.

Let us now use the electric dipole term in eqn (4.54) to calculate the
interaction of the electronic centre with the radiation field. The value of | E(|
is the same for each k-mode within the bandwidth allowed by the uncertainty
principle. However, r;. E(® can vary with the polarization mode, so that the
appropriate form of Ferml s Golden Rule is

VKf(ED)=h—7erl IS eri. QN2 pyl) (4.55)

po i

where the summation is over the two polarization modes, and w is the centre
frequency of the transition. In the case of radiation in a cavity where all the k-
modes contain some radiation the appropriate form of p,(w) is that given by
eqn (4.33), whereas for a directed beam of radiation the form of p, (w) would be
different. Writing E®=E[®%,, where ¢, is a unit polarization vector, and
using eqn (4.39) for the energy density in the radiation field we can write
W, (ED) as

Wi (ED)= hz Z |<fIZ er;. &,]i>1* 4eok|E(O1? py(w)

280Kh22|<f|2er AR (4.56)
This result, that the transition probability is proportional to the energy
density of the radiation, holds also for magnetic dipole and electric quadru-
pole transitions.

In the case of randomly polarized radiation we have

Z]|<flzer 8,u>|2——|<f|Zer|l>l2 (4.57)
po!

On the other hand, if the radiation has all E, vectors pointing along one
direction, the z-direction, for example, only this polarization mode need be
taken into consideration, and

Zl|<f|Zeri-§k|i>\2=l<flzeZs|i>|2- (4.58)

Since most electronic energy levels are degenerate we can label the
individual states of level i by i, and the individual states of level f by f,,, the
degeneracies of the levels being g; and g, respectively. Now if level i is below
level f the electric dipole transition probability for an absorption transition
from i to fis calculated by summing over the transitions to the different final
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states and by averaging over the transitions from the initial states, hence

n 1
I'Vif(ED)zz—S()Wa i;ﬂ% [ S [Zer;. iy Pu(e). (4.59)
The magnetic dipole and electric quadrupole transition probabilities have the
same form as eqn (4.59), the electric dipole operator being replaced by the
appropriate term from V©*) (eqn 4.54). If level i is above level f an emission
process takes place, the electric dipole transition probability of which is also
given by eqn (4.59).

In the succeeding sections we will apply the transition probability formulae
to the case of radiative transitions between the ground level (@) and the excited
level (b) of an electronic centre. The degeneracy in the ground level is g,, and
the individual ground states are labelled |a,). In the excited level the
degeneracy is g, and the individual excited states are labelled |b,,>. The
probability of an absorption transition from a to b, W,,, is given by eqn (4.59)
in which i and fare replaced by a and b, while the probability of an emission
transition from b to a, W,,, is also given by eqn (4.59) but with i and freplaced
by b and q, respectively. For the same energy density of the radiation field our
quantum mechanical analysis predicts that the absorption and emission
probabilities are related by

9aWar =95 Wha- (4.60)

4.3.2 Local field correction in solids

In the formulae developed so far we have been careful to include the refractive
index (n=c/v) and the dielectric constant (x =n?) to allow for the case where
the electronic centre is in a dielectric material. There is another effect of the
material which must be taken into account arising from the fact that the E and
B fields in the above equations refer to macroscopic or average fields in the
material. However, because the radiation polarizes the neighbouring atomic
environment the local field and macroscopic field may not be the same. For
non-magnetic materials the local magnetic field is the same as the macro-
scopic magnetic field. However, the local electric field E,,, is in general
different from the macroscopic electric field, E, and a multiplicative correction
factor, (E,,./E)?, must be applied to the transitions. There is no simple general
formula for this correction factor. In crystals of high local symmetry, e.g. the
octahedral site of cations in rock-salt-structured ionic crystals, the correction

factor is
2 2
(E;E> =<n~;—2) 461)

where n is the refractive index of the material. Although not strictly applicable
to lower-symmetry situations, eqn (4.61) is nevertheless often used when the
local symmetry is not octahedral.
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4.4 Spontaneous and stimulated optical transitions

4.4.1 Einstein A and B coefficients

In his analysis of the interaction of radiation and matter Einstein (1905, 1906)
assumed the probability of a transition stimulated by the electromagnetic field
to be proportional to the energy density of the radiation field at the transition
frequency, u(w). In Section 4.3.1 this result was derived by quantum mechan-
ical analysis. Following Einstein we write the transition probability for
absorption between states a and b as

Wap = Bgyu(w). (4.62)

B, is called the Einstein coefficient for a stimulated absorption transition from
|a> to |b). Similarly the emission transition probability from b to a is

I/Vba = Bbau(w)' (463)

B,, is the Einstein coefficient for a stimulated emission transition from b to a.
From eqn (4.60) we find

9aBab =gy Bpa- (4.60')

If there is a large number of electronic centres interacting with radiation
through stimulated absorption and emission transitions, then from eqn (4.60)
we deduce that the equilibrium populations in the two levels, N, and N,
should be in the ratio N, /N, =g,/g,. However, the correct ratio for a system in
thermal equilibrium is given by the Boltzmann factor, i.e.

No _a oyl (E,— E, KT (4.64)

Ny 9
so that in general the equilibrium population in the excited level, is lower than
that in ground level. In order to obtain the correct population ratio Einstein
proposed an additional emission process, one not stimulated by the radiation
field, which he called spontaneous emission. The Einstein coefficient for
spontaneous emission, A,,, is the transition probability for this spontaneous
process from b to a. To find the relationship between A,, and the B coefficients
we consider a collection of electronic centres in a cavity filled with the
radiation, the whole system being in thermal equilibrium at temperature 7.
The energy density in the radiation field in this case is given by the blackbody
radiation formula

3/2,,3
u(@w)=—TO/TY) (4.65)
exp(hw/kT)—1

The variations in level populations are given by the rate equations

dN,
d

= _NaBabu(w)+ NbBbau(w)+NbAbaa
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dN,  dN,
T (4.66)

where hw=E,—E,. In equilibrium, when dN,/dt=0, we obtain from eqns
(4.60') and (4.66)

Aba /Bba
ulw)=—-—-—2> 4.67)
A (
Ja Nb
Comparing eqn (4.67) with the blackbody radiation formula (eqn 4.65) we
obtain
N, 4. hw
—a_"a Mt 4.68
x=nrow(i) (469
in agreement with eqn (4.64), and
Ay ho?
= . 4.
B,, =v? (4.69)

Using this last equation and eqn (4.65) we can write the full emission
transition probability, 4,,+ B, u(w), as

1
WI,FAM[I +ij|=’4ba[l +1,(T)] (4.70)

where n,,(T) is the photon occupancy in the electromagnetic mode at angular

velocity w, being the equilibrium number of photons in a mode at angular

velocity w in the cavity radiation (blackbody radiation) at temperature T.
From eqns (4.69) and (4.65) we can write

Apa= By, [u—(a))—] = By, 2pi(w)hay (4.71)
showing that the spontaneous transition probability is numerically equal to
the stimulated transition probability stimulated by one photon in each
electromagnetic mode. We can likewise write the transition probability due to
stimulated absorption as

mb=Babu(w)=(§>A,,,,nw(T>. (4.72)

The absorption and emission transition probabilities -are illustrated in
Fig. 4.2.

We derived the formula for the spontaneous transition probability from an
analysis of the interaction of the electronic system with blackbody radiation.
Equations (4.70) and (4.72) are valid, however, for any value of the photon
occupancy n,, as long as it represents the occupancy of an electromagnetic
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N,
b - (g5) -
W= Wha =
‘Z_bAbanu) Aba(1 +nw)
a ho
a (ga) _L

Fic. 4.2. Emission and absorption transition probabilities between levels a and b in
terms of the spontaneous transitions probability A,,. The photon occupancy in the
modes at the transition frequency is n(w), and the radiation is assumed to be randomly
polarized. g, and g, are the statistical weights of levels a and b, respectively.

mode at the resonance frequency. In a quantum treatment of the radiation
field we find that even at T=0, where n,=0 for all w, there is nevertheless
some electromagnetic radiation present. This is the so-called zero-point
radiation energy, which can stimulate an emission process, and is responsible
for the ‘spontaneous’ emission process described above. Since the zero-point
radiation cannot be removed it cannot cause an absorption process, and there
is no spontaneous absorption process.

4.4.2 Calculation of the spontaneous transition probability

We have seen that the spontaneous transition probability is numerically equal
to the stimulated transition probability, where the stimulation is due to
radiation with one photon per mode. Consider the electric dipole process for
which A4,,(ED) is given by eqn (4.59), with u(w)=2hw, p;(®) and i, f being
replaced by b, a. Using eqn (4.57) and the local field correction factor, eqn
(4.61), we obtain

T 1

E..\* ho®
Aba(ED)%s—— > |<an|Zi:€Vi|bm>|2< : > IS (4.73)

2
okh* gy 0, b E v

Writing v=c/n, where n is the refractive index, and writing the electric
dipole moment operator (Z; er;), as p., the spontaneous transition probability
can be written

A(ED)

1 4nw® (E 1
" 4ne, 3hc ( £ ) LG (4.74)
0

b an, bm
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and we have omitted the subscript in the symbol for the spontaneous
transition probability. For an allowed electric dipole transition we expect
(puy=elr> where <(r>~10"'°m. Taking n=17 we calculate
A(ED)~108s~! for a transition in the visible spectrum.

To obtain the spontaneous emission probability for magnetic dipole

process we replace the electric dipole term Y. er;. E{® by the magnetic dipole

term Z (e/2m)(I;+2s;). B? (see eqn 4.54). Recalling from eqn (4.38) that

|EQ|  |E®
| B | =——=n (4.38)
we obtain v ¢
1 4ndwd 1
AMD)=—— — — b 2
(MD) dneg T g, a"§m|<an|uml 2
4ndw3 1
_Ho Y 1<y ilbn> 2 (4.75)

_H :‘;flC3 Eam [

where u,,, the magnetic dipole operator, is Z (e/2m)(l;+ 2s;). There is no local

field correction to be made for magnetic fields in non-magnetic materials.
Thus for an allowed magnetic dipole transition A(MD)~10%s" 1.

It is useful at this point to define a spontaneous transition probability for
emission at polarization &. If the particular radiation field in a volume V
contains only photons of polarization £ with density of k-modes p,(w) and if
there is a single photon per mode in this radiation field we can derive a
formula for the transition probability for spontaneous emission into the
volume ¥ of a photon of polarization £ stimulated by this radiation field. This
formula is

1

A n Eloc 2 A 2
A(ED, ‘”‘W( E ) .2 [Kalue b Po@ho. (476

In discussing transition probabilities it was assumed that levels a and b are
very sharply defined in energy; hence the transition was assumed to be sharp.
However, as is discussed in subsequent sections, all transitions have a finite
width which can be described by a lineshape function, g(w) or g(v), normalized
so that

[g(@)do=[gm)dv=1; g(v)=2ng(w). 4.77)

Consequently the spontaneous transition probability per unit angular vel-
ocity, A(w), is defined by
A(w)=Ag(w). 4.78)

Applying this to eqn (4.76) we define A(ED, §)g(w) as the transition prob-
ability for emission of a photon of polarization ¢ per unit angular velocity at @
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stimulated by a radiation field containing one photon of polarization
¢ in each k-mode. Since the density of k-modes is p,(w) we can define
A(ED, w, )= A(ED, £)g(w)/p,(w) as the spontaneous transition probability
for emission into the volume ¥V of a photon in the mode (¢, ®). This is

1

nw [(E,. \* .
8y = SLAN b D12 . 4.79
A(ED, w, &) soth< E) ba"§m|<an|lle Ebuy|* glw).  (4.79)

Analogous formulae to eqns (4.76) and (4.79) can be written for the magnetic
dipole process.

The quantity A(w, §) can be used to calculate the transition rate for
atoms interacting with a beam of polarized radiation as it traverses an
absorbing medium. In this case, by analogy with eqn (4.70), we find that
Wya(w, )= A(w, §)(1 +n(w, &)) is the probability per second that an atom in
level b will emit one (w, £) photon into volume ¥ when n(w, &) photons of this
(w, §) mode have been introduced into this volume.

Similarly, in analogy with eqn (4.72), we write W,(w,¢)
(9p/9.) A (@, £)n(w, £) as the probability that a (w, £) photon will be absorbed in
one second by an atom in level a from radiation introduced into volume V,
when there are n(w, £) photons of mode (w, §) in the introduced radiation.

4.4.3 The absorption coefficient

We consider a parallel monochromatic beam of radiation linearly polarized in
the é-direction of intensity I(w, £) travelling through a block of material of
thickness [ (Fig. 4.3). We can express the intensity density as a flux of photons:

I(w, )= N(w, &)hwv (4.80)

where N (w, £) is the number of photons of mode (w, ) per unit volume in the
beam and v and is the velocity of the beam (v=c/n). As the flux of photons
moves through the material it interacts with the electronic centres in the
material, and the emission and absorption processes which can change the
density of photons in the beam are shown in Fig. 4.4. The number of photons
in the mode (w, £) is assumed to be much greater than unity so that the
spontaneous emission process is negligible compared with the stimulated
emission process, and this is taken into account in Fig. 4.4. N, and N, are the
number densities of electronic centres in the ground and excited levels,
respectively. We assume that the beam is weak enough that the values of N,
and N, are not significantly altered because of the interaction with the beam;
these quantities can be regarded as constant throughout the material.

We confine our attention to a volume ¥ of the radiation as it traverses the
material. There are N,V and N,V atoms in the ground and excited states
which are interacting with this radiation and causing a variation in the
number of photons n(w, &) in this volume of the radiation. n(w, §)=N(w, §) V.
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«— | — I(w,8) = ly(w.£) exp[ —a(w,§) 1]

Iy (w, €)
. — [(w,§)

w—

Fic. 4.3. The polarized beam is reduced in intensity on passing through a block of
material. The absorption coefficient is obtained from the transmission curve using the
formula a(w,é).l=In[1y(w,8)/1,(w, §)].

Nb
b (gb)
W, (6 w) W, (& w)
9p N
==2W, ({w)
g, ba
N
a - (9,)

Fic. 4.4. Transition probabilities in mode w, £ stimulated by the beam I(w, £) passing
through the material. The density of photons in mode w, £ in the beam is assumed to be
much larger than unity so that spontaneous transitions can be neglected.
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The variation in n(w, &) is given by (Fig. 4.4)

dn(w, £)

=N,V W, (@, 8)— N,V W, (w, §)

=[ N, % Na] VA, (o, )

a

=®(w, é)n(w, &). (4.81)
Since the density of photons N(w, £) scales as n(w, &) then
dN(w, ¢
$=®(w, HN(, ). (4.81a)

This equation can be integrated to give the variation in time of N(w, &) in the
beam as it traverses the material:

N(w, &),= N(w, §), exp(®@(w, &)t). (4.82)

During the time t the beam has travelled a distance /=ut through the
material, and we can insert t=I/v=In/c in eqn (4.82). Since the intensity
density I(w, £) in the beam is proportional to N (w, ) we obtain an expression
for the variation in the intensity with distance through the material:

Li(w, &) =1o(o, &) exp(—a(w, £)I) (4.83)
where the absorption coefficient a(w, &) is
—®(w. &
a(w, §) =-~%ﬁ£—)= A(w, ) [Na L N,,] 4 (4.84)
9a v

In deriving this formula we have assumed that N, and N, have uniform values
throughout the material and that these values are constant in time. If,
however, the beam is very intense the transitions may change the values of
N, and N,. The initial part of a very intense beam could cause such
strong absorption that the population in the excited level increases until
N,/g.= N,/g,- After that the absorption is zero, as eqn (4.86) shows, and the
remainder of the beam is no longer attenuated. Such self-induced transparency
effects have been observed and studied.

If the radiation interacts with the atoms through an electric dipole process
we can insert the formula for A(ED, w, ) (eqn 4.79) into eqn (4.84) and we
obtain

A gb w Eluc 2 1 A 2
=| N,=—=—N, — .Eglb .
(X(ED, , 8) ( a . h>8OKhU|: E } ban;)m ‘<an|”e 8E| m>| g((D)
(4.85)

By integrating over all frequencies we obtain the absorption strength at
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polarization é:

A (773 nw Eloc 2 1 A
ED do=| N,=—N, — . 2,
‘[O(( » @0, 8E) w ( aga a)sohcnl: E :| gba";,mlan|ﬂe 8E|bm>|
(4.86)

The equivalent expression for the magnetic dipole absorption strength is

’ ) g non 1 .
J a(MD, @, SB)d(D=<Na gf_Nh>W—g_; . Z |<an“lm . 8Blbm>|2-
(4.86)

In these equations the polarization vectors é; and & point along the
directions of the electric and magnetic fields, respectively, of the radiation.
In the case of atoms in high-symmetry sites in optically isotropic materials
the absorption coefficient should be independent of polarization and
[<u.&>1*=|{pu>|?/3. The isotropic absorption coefficient valid for both
electric dipole and magnetic dipole transitions can now be expressed in terms
of the spontaneous transition probability (4,,) by using eqn (4.73). We obtain

ns bm

2,2
g n’c
a(w)=<N,, —”—N,,)A,,,, —— g(w). (4.87)
9a n‘w
The absorption strength in this isotropic case is
gb }'2 ”"
a(w)dw=|(N,=—N, | Ay, — (4.86")
Ja 4n

where A is the vacuum wavelength at the centre of the transition.

Under normal conditions and where the light beam is not very intense we
have N, <N, and N, can be ignored. In this case the isotropic absorption
strength can be written

12
Ja(w)dw ~N,% 4, (4.86")

Ja an?

This formula is often used to calculate the transition probability in terms of
the experimentally measured absorption strength. In applying this formula we
must take care with the units. a(w) is the absorption coefficient at a particular
value of the angular velocity, w. It could equally be labelled according to the
frequency of the radiation, a(v), and a(v) =a(w). It is more usual to express the
integral in the formula for the absorption strength of the transition in units of
frequency and to regard the absorption coefficient as a function of frequency.
We then have

}'2

o (4.88)

1
Ja(v)dv =— fa(w)dw: N, &Aba
2n g

a
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The formula for a(v)=a(w) for the case where the N, term is not omitted
is, from eqns (4.87) and (4.77),

&2
a(v)= (Na ?— N,,> Apag3 90) (4.89)

a

This formula is used as the starting point of our discussion on laser action
(Chapter 11).

4.4.4 The lifetime and natural linewidth of transitions
Equation (4.66) gives the rate at which levels change population in the
presence of radiation. If there is no introduced radiation, n(w)=0, we obtain

?= —NyApa

which on integration yields
Ny(t)=Np(0) exp(— Ap,1). (4.90)

An intense short pulse of radiation at t=0 creates a population N,(0) in
the excited state. The intensity of emission—the energy radiated per
second—can be written as I(w),=A4,,N,(t)hw, hence at times t>0 we
expect (w),=1(w),exp(— Ap,t). The exponential term is usually written as
exp(—t/tg), where 1y is the radiative decay time. Thus we have

wl=A,,. 4.91)

The expectation value of t in the excited state, denoted by <t), is the average
time that an atom spends in the excited state; (t) is calculated from
0

1 0
<t>=N—b(O—) J N,,(t)dtzj exp(—t/tg)dt

0
=Tp=(Aps) " (4.92)

Observed values of 1z range from ~107%s for allowed electric dipole
transitions on free atoms and molecules, (e.g. the 2p— 1s transition in atomic
hydrogen), to > 1 ms for triplet—singlet transitions in some organic molecules.
The exponential decrease in intensity can be measured experimentally by
suddenly exciting a sample with a short pulse of radiation, and then observing
the decay of emitted intensity. Figure 4.5 shows the experimentally measured
intensity decay patterns from Cr®** and Nd3* ions in a single crystal of
yttrium aluminium garnet (YAG) doped with neodymium and chromium
after pulsed excitation at 77 K. Plotting the logarithm of the intensity as a
function of time shows (a) that the decay of the Cr®* luminescence follows a
single exponential with a decay time of 5.3 ms and (b) that the decay of the
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F16.4.5. Decay patterns of Nd** and Cr3 * luminescence in YAG: Nd, Cr measured at
77K after pulsed excitation. The Cr®* luminescence has a single exponential decay.
The Nd** luminescence decay, however, is non-exponential because of excitation
transfer from excited Cr** ions.

Nd3* luminescence is more complex. The fast initial decay is at the intrinsic
radiative decay rate of the excited Nd** ions, while the later slower decay has
an asymptotic decay time of 5.3 ms. The non-exponential decay pattern of the
Nd3* ions is interpreted as follows. Some Nd3* ions are raised to an excited
state by the excitation light puise, and these decay at the intrinsic decay rate of
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Nd3* ions. Other Nd3* ions are raised to an excited state by excitation
transfer from nearby excited ions, this transfer occurs while there are excited
Cr®* ions available, hence these Nd®* ions decay in step with the Cr** ions
and exhibit the decay pattern of the Cr3* ions. (Excitation transfer is analysed
in detail in Chapter 10.)

The linewidth of the transition is another important experimental quantity.
To discuss this we consider once more the two-level system of ground state a
and excited state b separated in energy by E,—E,=hw,,. Applying the
perturbation analysis (Section 4.1) to this system we write the rate equations
(eqn 4.4)

s ‘ift = — £ ) al b explioo,pt) (4.93a)
dc, i .
e, (0)ChI# ) explion,) (4.93b)

where we have assumed that the diagonal matrix elements of the perturbation,
a|#,la) and (b|#|b), are zero. Since #, is of the general form

Hy=V©@exp(—iwt)+ V' exp(iot) 4.6)

and since we are interested in the effect of radiation near resonance (w ~ w,,)
the rate equations become

de,(t 1

i;z( - _%Cb(t)(V‘"’")ab expi(w,, + )t (4.94a)
de,(t i

i;t( = _’;,‘Ca(t)(V‘“”)b,. expi(wy, — w)t (4.94b)

and the initial conditions are ¢,(0)=1, ¢,(0)=0.

Assuming that the probability of finding the atom in the excited state varies
as exp(—t/tg) we consider c¢,(t)=exp(—t/2tg) as a solution of eqn (4.94).
Substituting for ¢,(t) in eqn (4.94a) gives

de,
dt

—%(V“""’)a,, expli(wg,+w)t—1t/21] ’ (4.95)

which has a solution

(V" )ap expLi(@ay + 0t — /275 ] — |
h (@ap+ ) +i/27g

c ()= (4.96)

Since |c,(t)|? is the probability that the atom has reached the ground state this
quantity also represents the probability that the atom has emitted a photon at
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angular velocity w. After very long observation times,

le (00)? = (7 ap | * 1
a 1 2
(wab+w)2+<——)
21
yer . |2 1
_( . )ab (4.97)

1Nz
(wba_w)z-}'(E)

gives the distribution of frequencies in the transition. If ¥ varies sufficiently
slowly with w so as to be regarded as constant over the frequency range of the
transition, then the frequency distribution in the transition has a Lorentzian
lineshape with full width at half maximum, Aw, given by
Aw=i=A,,a (4.98)
R
as is illustrated in Fig. 4.6. This identification of the linewidth with the
spontaneous transition probability (or the radiative decay rate) is related to
the uncertainty principle. The time available to measure the energy of the
excited state is At which we equate with the expectation value of ¢ in the
excited state: At = 1z. The width in energy of the transition is AE = hAw. Hence
AE . At=hAw tx =h follows from eqn (4.98). Thus the finite lifetime of the
excited state leads to a Lorentzian distribution of emission frequencies.
In this analysis the excited state was considered to decay only by a radiative
decay. Since additional decay processes may occur one adds all individual

— /0
) = o)+ (712)2

I(w)

— /y

Wy —2y Wy =7 W, wyt+y wqy+2y

F1:6. 4.6. Lorentzian lineshape of a transition after lifetime 7 =1/y in the excited state.
FWHM=Aw=y=1/t.
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decay rates to obtain the total decay rate, 1/7, and it is this decay time, T <1y
which determines the width of the transition: Aw=1/z. If both upper and
lower levels of the radiative transition have finite lifetimes then the energy
width of the transition is the sum of the uncertainties for the two levels.
Broadening by such lifetime processes is usually known as natural, homoge-
neous, or lifetime broadening and is characterized by a Lorentzian lineshape.
Although the above result relating the finite width of the transition to
the lifetime was deduced using purely quantum effects arising from the
uncertainty principle, it also follows from a simple classical argument.
Consider a collection of atoms excited at time ¢t =0. For time ¢ >0 the emitted
radiation has an associated electric field at some nearby point given by

E(t)=E,exp(iwgt) exp(—t/21g) (4.99)

whereas for t <0, E(¢) is zero. Figure 4.7 represents the imaginary part of E(t).
This electric field oscillates at @, the central frequency of the transition on the
atoms. Since the intensity varies as |E(t)]* the intensity decreases expo-
nentially in time with decay time tz. The distribution of frequencies in the
electric field oscillations is obtained by Fourier analysing E(¢) into a frequency

Im(E(t)) E(t) = Ejexp (iwyt) exp(—yt/2)

t—>

Fic. 4.7. The effect of radiation damping on the electric field amplitude oscillating at

frequency w, is to cause an exponential decay (exp — t/21g ) which produces the natural
broadening of a spectroscopic transition.
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spectrum, i.e.
E(w)= f E(t)exp(—iwt)dt. (4.100)

Substitution of E(¢) from eqn (4.99) into eqn (4.100) yields

E(w) =J E,expi(wy—w)texp(—t/2tg)dt
0

= —exp (ip(w)) (4.101)

where ¢(w) is a constant phase factor. Since I(t)~|E(t)|*> we obtain the
intensity distribution of frequencies given in eqn (4.97): i.e.

4.102)

with linewidth Aw=1/14.

Typically in an allowed electric dipole transition 1,~10"%s so that
AE~05x10"3cm™' giving a linewidth in the visible spectrum of
~2x 1073 nm. The homogeneous width is the minimum width which we
might expect to measure experimentally. The several other mechanisms
contributing to the observed width of spectra from atoms, molecules and
solids include

1. Doppler broadening in gases due to the thermal motion of atoms and
molecules

2. Unresolved structure, such as fine structure or hyperfine structure

3. Static distortions in the crystalline environment of optically active
centres in solids

4. Dynamic distortions of the crystalline environment associated with
lattice vibrations.

All these contributions to linewidth are discussed in subsequent chapters.
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4.5 Selection rules and oscillator strengths in optical spectroscopy

4.5.1 Oscillator strengths for optical transitions

The strengths of optical transitions are often discussed by analogy with the
emission by a classical radiating dipole. Consider an electron executing simple
harmonic motion described by x=x, cos wyt. Classical analysis gives the
energy radiated per second by such an oscillator as

e2wx3

P(R)=—"23 4.103

) 6me, > ( )
and this is all emitted as X-polarized radiation. The total energy of the
oscillator is E=mw3x3. The amplitude of the oscillation gradually diminishes
because of the energy loss through radiation; we assume this effect to be small
enough that the frequency is unchanged. Since both P(X) and E vary as x3 we

can write
2. .2

P(% )_iw"v E=9E. (4.104)
6regme?
For an electron oscillating in the x-, y-, and z-directions the energy becomes

E=mw?(x3+ y3+z3)=3mw?3 x3 and the power radiated can again be written
P=vyE. (4.105)
If there are f electrons in the centre the power radiated by the centre can be
written
=yfE (4.106a)
where fis the classical oscillator strength.

We now apply similar formulae to an isolated quantum system in the
excited state b which can undergo spontaneous transitions to the ground state
a. The radiated power is P =hwA,,, where A4,, is given by eqn (4.73) for electric
dipole processes. By analogy with the classical formula E =3mw3x3 we write
for the quantum system E = 3hw and this is the energy above the ground state.
Hence from eqn (4.106a) we deduce

how Ay, =yf3ho (4.106b)
from which we calculate the oscillator strength to be

Ab,, 2mwg 1

f=

a by 4.107
3y = et g |Cnlbelbu)l (4.107)
since for a free electronic centre the index of refraction n=1 and there is no
local field correction. This formula introduces a quantum mechanical oscil-
lator strength. Sometimes this is written as

2mw, 1

f= 3he? g

;. Sw(ED) (4.107")
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where S,,(ED)= Y |{a,|p.|b,>|?is referred to as the strength of the electric

an, bm

dipole transition.

Following Bethe and Salpeter (1957) we define the quantum mechanical
oscillator strength for an electric dipole process from initial state i to final
state f as

f.f(ED)— —I<f|lte|t>l2 (4.108)

3h 7
where w;;=(E,— E;)/h. Thus f;, is positive for absorption and negative for
emission transitions. From this definition the sum rule

;fif=Z (4.109)

follows for any Z-electron system (Bethe and Salpeter 1957). The state i can be
the ground state or an excited state, and the summation is over all possible
final states, f. If i is an excited state some f;, values are negative. It is more
useful for us, however, always to regard the oscillator strength as a positive
quantity, so we replace w;, in eqn (4.107) by |w;|. And in the case where the
initial and final levels are degenerate we use the form (4.107) for the oscillator
strength. For an allowed electric dipole transition the matrix element of p, has
a magnitude ~ea,, where a, is the Bohr radius. This gives a value for f of the
order of unity. If the transition occurs by magnetic dipole process we can
similarly define a quantum mechanical oscillator strength, f(MD), by re-
placing the operator y. in eqn (4.107) by u,,/c.

Using eqn (4.73) for the spontaneous transition rate in an electric dipole
process we can express a relationship between A(ED) and f(ED):

1 2w?
AED)= == 22 2 (B EY] SED). (4110

By inserting numerical values for the physical constants and the local field
correction in terms of the refractive index (eqn 4.61) we deduce

43
[1/3(n*+2)]%n

where 1, is the wavelength in vacuo and n is the refractive index. The
analogous relationship for a magnetic dipole process is

f(ED)tg=1.5x 10* @.111)

2
f(MD)tg=1.5x 10* j_g 4.112)

For 4=0.5 yum and n=1 we obtain f(ED)tg~4x 10~°. Thus an allowed
electric dipole transition in the visible on a free atom has a radiative time of
4x107°s whereas for an electronic centre in a solid for which n~1.5,
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1x~ 1078 s for an allowed electric dipole transition. The measured radiative
decay times for dopant ions in solids are generally much longer than this,
indicating that the oscillator strengths are significantly less than unity. These
transitions are either weakly allowed electric dipole processes or magnetic
dipole processes.

4.5.2 Selection rules and the Wigner—Eckart theorem

The probability of a radiative transition between states a and b is pro-
portional to the square of the matrix element {b|u.&|a), where u.¢ is the
appropriate operator. For electric dipole transitions this is u,.&; where

p.=y er;and & is the unit electric polarization vector parallel to the E field of

the radiation. For magnetic dipole transitions the appropriate operator is
U, . ép where ,u,,,=zi:%
the B field of the radiation. Whether or not a transition is allowed and, if
allowed, how strong it is depends on the value of this matrix element. By
analysing this matrix element we learn the selection rules governing the
transition.

To evaluate the matrix element we use the theorems on matrix elements
particularly the Wigner-Eckart theorem (eqn 3.47) which gives the formula
for the evaluation of (a(T", 1) u(T, 2)|b(I", X)), where |a(T", 4)) indicates that
this function belongs to the 4 row of the I'-irreducible representation of the
symmetry group of the electronic centre. The symmetry properties of the
electronic centre affect the value of the matrix element. In the case where
the electronic centre has inversion symmetry as well as a particular rotational
symmetry it is usual to examine the matrix element in respect of the inversion
symmetry separately from its considerations in respect of rotational sym-
metry. From the Wigner—Eckart theorem we find that the value of the matrix
element depends on the Clebsch-Gordan coefficient <I'y|TT” y'>, and in
particular we have the rule that the matrix element is zero unless the product
representation I" x I'"” contains the I'-irreducible representation, or in another
form, unless the product representation I' x I’ x I'" contains the identity
representation, 4; or I';.

Let us first consider a situation when the electronic centre has inversion
symmetry. The a and b wavefunctions are either even (g) or odd (u). The
electric dipole operator Y er; is an odd-parity function. Since T, x [, =T,

(/;+ 2s;) and &g is the unit vector along the direction of

i
and I'y x ', =T, it follows from the above rule that the electric dipole matrix
element is zero unless the a and b wavefunctions are of opposite parity. This is
the Laporte selection rule. The magnetic dipole operator is of even parity, and
since Iy xI'y=T', and 'y xI',=T, we see that the magnetic dipole matrix
element is zero unless the a and b states are of similar parity.
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We now examine the matrix element from the viewpoint of rotational
symmetry, and as a first example we take the case of free atoms where the
wavefunctions are classified according to the irreducible representations
of the full rotation group (J values). We observe that the components
of the electric dipole and magnetic dipole operators belong to the J=1
irreducible representation. The matrix element in question can be written
La(IM)| u(J =1, M)b(J'M')>. Since D' x D" =D"*1 4+ D" + D’ "1 (except
when J' =0 or $) we have the selection rule AJ =J —J'=0, + 1. Since D* x D°
=D!, and D! x D}=D?+ D}, we see that J=0 J'=0 is forbidden, and only
0-1and 1 -1, 3 transitions are allowed for J =0 and J =1 states, respectively.

Whether or not a transition on the free atom is allowed in a particular
polarization can also be determined by examining the value of the
Clebsch-Gordan coefficient ( JM|J=1J'MM’). The polarization of the
radiation is usually defined with reference to some direction (normally
labelled the Z-direction) defined by the crystal symmetry or by an externally
applied force (a stress field or static E, B fields). We assume that the X- and y-
directions are equivalent. The definitions of the different senses of linear
polarization are given in Fig. 4.8. n-linearly polarized radiation travels in a
direction perpendicular to Z and the direction of its electric field, &, is parallel
to Z. The direction of the magnetic field, g, is perpendicular to Z (Fig. 4.8(a)),
say along the X-direction. The electric dipole operator for a z transition is then

k vector of
«-polarized radiation

. z

[ ts symmetry

axis

k | y
- i }: Xx

|
o-polarized radiation n-polarized radiation

(b) (a)

Fic. 4.8. Definitions of light beams linearly polarized with respect to a local symmetry
axis. For n- and g-polarizations the k vector can point in any direction in the xy-plane.
For a-polarization k points along the symmetry axis and the £; and £ vectors are in
the xy-plane.
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Zerj. z‘=Zez ;» and the magnetic dipole operator is
J J

2y 24 28). 8250 T () 4206}

For o-linearly polarized radiation (Fig. 4.8(b)) the direction of propagation is
perpendicular to Z, and the directions of its electric and magnetic fields are
y(or %) and Z, respectively. The electric dipole and magnetic dipole operators

for a ¢ transition are then Zeyj<or Zexj> and %Z{(lj)z+2(sj)z},
i i 7

respectively.

Now consider the form of the operators for circularly polarized radiation.
We define right circularly polarized (RCP) radiation as having electric and
magnetic polarization vectors which rotate clockwise when viewed from
behind along the direction of propagation (Fig. 4.9). In the formalism used
here the electric and magnetic dipole operators for absorption transitions
induced by RCP light propagating in the Z-direction are

x;+iy; and Z ((1 )+ 2s; )x (l})y+2(sj)y>
7 V2 2m V2 V2

where j labels the individual electrons. For the emission process the operators
are the complex conjugate of the above. Accordingly for left circularly
polarized (LCP) radiation, where the sense of rotation is anticlockwise, the

operators are the complex conjugates of the RCP operators. (The operators
for circularly polarized radiation are derived in Appendix 4A.)

A

F1G.4.9. Definition of RCP light beam used in this text. The senses of rotation of the E
and B vectors are given by the right-hand screw convention.

4.113)

To illustrate the method of calculating the selection rules for electric dipole
transitions we consider the D, and D, absorption lines on atomic sodium, i..
the ?S,—2P,, *P, transitions. Figure 4.10 shows the Zeeman splitting of the
approprlate energy levels caused by a static magnetic field along the Z-

F1G. 4.10. Zeeman splittings (drawn to scale) of the 2P; ,, 2P, ,, and %S, , levels of a
sodium atom when a magnetic field is applied along the z-axis. The magnetic field
removes the M; degeneracy of each J state. The relative magnitudes of the electric
dipole matrix elements for the absorption of linearly-polarized radiation are given for
each transition, as are the predicted intensity patterns in various polarizations. Also
shown are some experimentally-observed absorption spectra.
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direction under the approximation that the Zeeman splitting is much less than
the spin-orbit splitting between the 2P, and P, levels. In Fig. 4.10 the
wavefunctions are labelled by J, M values. Consider first a m-polarized
transition for which the operator, ez or . /(4n/3)er Y (0, ¢), transforms as the
M =0 row of the J=1 irreducible representation of the full rotation group.
For the D, transitions, ie. (*S;—?P,), the Clebsch-Gordan coefficient
appropriate to the |*S; M'>—|?P, M) n-polarized transition is (3M[130M").
Table 3A.1 of Clebsch—Gordan coefficients for j, =1, j,=3 in Appendix 3A
shows this coefficient to be zero unless AM =M —M’'=0. Similarly, for
g-polarized transitions the operator is

ex= uer\/ (Y;1—Y)),

so that the appropriate Clebsch—-Gordan coefficients for the
|?S,M'>>|*P,M) transitions are <3M|131M’) and (GM[13—1IM').
The first coefficient is non-zero only for AM =M — M'=1, the second for
AM=M—M'=—1. Thus for o polarization we have the selection rule
AM = + 1. For RCP transitions the operator is

SXTIY_ \/T y:
\/2

and the appropriate Clebsch-Gordan coefficient is (3 M|151M’). For the D,
transmons 2Sl—>2P; the Clebsch-Gordan coefficients (Table 3A.1) involve
J'=3% instead of J'= 1. The intensities of the transitions between the different
M, M’ states vary as the squares of the relevant Clebsch—Gordan coefficients.
Figure 4.10 shows the allowed 2S,M'— 2PLM 2P, M transitions with the
relevant coefficients and the theoretical intensities of the transitions for linear
and circular polarizations. The experimentally observed splittings in the n-
and g-polarizations are also shown.

It is illustrative to carry out the direct integration of some matrix elements
involved in these selection rules. For a one-electron atom in the absence of
spin—orbit coupling the wavefunctions are R},(r) Y*(6, ¢). The components of
the electric dipole moment operator in spherical harmonies are

4n Y'Y

32

— 47'[ 0
ez=e /3Y

The matrix element for an electric dipole transition between one-electron
states involves an integral of the type

R YT rYTIR, (N Y I = (Rl PRy > YT YT Y .

ex=er
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The radial integral depends on the values of n and I, and it does not
automatically become zero for particular values of n and I. Consequently
there is no selection rule on the quantum number n.

The angular integral is non-zero only under the conditions (see eqn 2.59)

. m—m=m
2. 1+1+1'=even integer
CIE AR B R

From (2) and (3) we find |—I'=Al= £ 1. This is related to the Laporte
selection rule. The components of the electric dipole moment, formed from
I = 1 spherical harmonics, are odd-parity functions. Hence the relevant matrix
element will be zero unless the two wavefunctions have opposite parity
(Laporte rule). As was shown in Chapter 2 (eqn 2.12) the one-electron orbital
wavefunction characterized by quantum number [ has parity (—1)'. Conse-
quently the matrix element will be zero unless [ and !’ differ by an odd integer.
This is condition (2). Condition (3) shows that this odd integer can only be + 1.
Condition (1) indicates that for n-polarized transitions, involving dipole
functions with m =0, the change in m is given by Am=m;—m;.=0. In
contrast g-polarized transitions require that Am = + 1. Although it is a simple
matter to evaluate the matrix elements and obtain selection rules for
transitions on one-electron atoms, for more complicated multi-electron
systems we must use the formal methods based on the Wigner—Eckart
theorem.

It is instructive to regard the radiating atom classically. For example, the 7-
polarized component of the 2p—1s transition on a one-electron atom
involves the selection rule Am =0 and couples the |2p0) and |1s0) states.
During such transitions the atom exists in a non-stationary state consisting of
an admixture of |1s0) and |2p 0) eigenstates. Such a superposition state has
an electric charge density which oscillates along the +z or —z directions
outwards from the inner core. In consequence the atom has an electronic
dipole moment which oscillates at frequency w = (E,, — E,,)/h, just like a
classical radiating dipole. Such an oscillating dipole does not emit along the z-
direction (Section 2.2). Quantum mechanically the probability that the atom
undergoes a transition from a |2p0) state to the | 1s0) state, emitting a photon
in the z-direction, is also zero. Similarly, superposition states involving
admixtures of |2p+ 1) and |2p—1) states into the |1s0) state result in the
emisssion of helical or circularly-polarized radiation, depending on the
amount of mixing and the phase relationship assumed to exist between
the mixed |2p+ 1) and |2p— 1) states. These radiations can be related to the
analogous quantum transition probabilities.

In addition to the exact selection rules illustrated above, certain approxi-
mate selection rules can be very useful. For example, in the approximation of
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negligible spin—orbit coupling, where the free atom wavefunction is a product
of orbital and spin functions and the energy level is characterized by LS
values, the orbital and spin matrix elements may be examined separately.
The electric dipole operator is a purely orbital operator belonging to
the L =1 irreducible representation, and evaluation of the matrix element
{a(LS)|(L=1)|b(L’'S’)) using the Wigner—Eckart theorem leads to the
selection rule AS =0, AL =0, + 1, with L =0— L = 0 forbidden. Transitions
between states of different total spin which violate the AS =0 selection rule
are said to be ‘spin-forbidden’. However, in general this is not an exact
selection rule; in the presence of spin—orbit coupling spin-forbidden usually
means weakly allowed, being perhaps one to two orders of magnitude weaker
than corresponding ‘spin-allowed’ (AS = 0) transitions.

The case of radiative transitions on an electronic centre in a solid is treated
in an analogous manner to the free-atom case, although the symmetry is now
considerably lower. There are many different site symmetries encountered in
solids, e.g. O, =0 x i, T4, D33 =D, x i, C,,, C,,, etc. Since many of these
contain inversion symmetry (i), we examine the implications of inversion
symmetry first. The presence of inversion symmetry leads to the Laporte
selection rule, that electric dipole transitions can only occur between states of
opposite parity. This selection rule implies that in general the sharp radiative
transitions between low-lying levels of rare-earth impurities and between low-
lying levels of transition metal impurities in ionic crystals should be electric
dipole-forbidden when the ions occupy sites of inversion symmetry. Neverthe-
less, transitions on rare-earth ions frequently occur by electric dipole pro-
cesses even when the ions occupy sites of apparent inversion symmetry.
This occurs because some perturbation close to the rare-earth impurity
destroys the inversion symmetry at this site. This perturbation may be too
weak to shift the energy levels significantly, and the energy levels may
still be classified according to the higher symmetry classification. After
examining the implications of inversion symmetry, if it occurs, the tran-
sition matrix elements are analysed from the viewpoint of the other sym-
metry properties.

As a final example we consider the F;-centre in an alkali halide, a defect
which has C,, symmetry. The character table for C,, symmetry, Table 3.3,
shows there to be three distinct irreducible representations, A,, A4,, and E.
Table 3.3 also gives the spaces of functions which belong to these irreducible
representation. The 7 and ¢ electric dipole operators vary as z and x, y which
transform as A, and E irreducible representations, while the 7 and ¢ mag-
netic dipole operators transform as R,, R,(E) and R,(A,), respectively. The
probability of a m-polarized electric dipole transition between the A, and E
states, for example, involves the matrix element {a(E)|u(4,)|b(A,)). Since
A, x A; = A, this matrix element is zero and the electric dipole tran-
sitions between these states is forbidden. We can investigate other possible
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transitions in the same way, using the easily derived relationships
Ay x A=A, A, x A =4, Ex A, =E
A xA,=A4, A,xA,=A, ExA,=E
A, xE =E A, xE =E ExE =A,+A,+E.

We can then draw a selection rule table (Table 4.1).

Now the ground state of the F;-system places two electrons in the lowest a,
state and one electron in the e state, i.e. the ground state has the configuration
(a;)? (e). The product orbital in the ground state thus belongs to the A, x A4,
x E = E irreducible representation. The excited state may be constructed by
promoting one of the two a, electrons into an e state giving a configuration
(a;)(e)?. Since A; x Ex E= A, + A, + E there are three distinct excited
orbitals with this (a,)(e)? configuration, belonging to the 4,, A4,, and E
irreducible representations. As Table 4.1 shows, there are distinct polarization
features in the absorption transitions from the ground state to the three
excited states.

Table 4.1

(Initial state)

Final
state A, A, E
A, ED(rn) MD(s) ED(o)
MD(rn)
A, MD(o0) ED(n) ED(0)
MD(rn)
E ED(o) ED(o0) ED(n), ED(0)
MD(n) MD(n) MD(n), MD(o)

Appendix 4A. Electric and magnetic dipole operators
for RCP and LCP radiation

We compare the formulae for the interaction of an atomic centre with a
linearly polarized beam and with a circularly polarized beam. This will enable
us to obtain the dipole operator for circularly polarized radiation, analogous
to that for linear polarization derived in Section 4.3. A beam of linearly
polarized (%-direction) radiation travelling in the Z-direction contains an
electric field E=EyX coswt=Eyx(exp(iwt)+exp(iowt))/2. We can write
the electric dipole interaction term as ;= —p.E=)er.E=) E;/2
ex;(exp(—iwt) + exp(iwt)). The first and second terms induce absorption and
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\/

y

Fic. 4A.1. In a RCP beam travelling in the z-direction the electric and magnetic,
vectors rotate in a clockwise sense from x to y.

emission transitions, respectively, and the electric dipole operator, Y ex;, is
the same for both transitions.

A beam of RCP radiation travelling in the Z-direction (Fig. 4A.1) contains
an electric field

E
E=x— Eo cos wt + J — cos(wt —7/2)
V2 V2

- 2’\5/0 ¢ —iwt))+ % J(—iexp(iwt) + iexp(— iwt))
E0 X+iy
2 2 2 \/

We again write the electric dipole interaction term as

exp(—iwt) + exp(lwt) (4A.1)

Xj+iy; —iy; .
H,=—p.E= L —Jexp(—imt) + —e lexp(imt
p. Z \/2 p( Z ) \/2 piwt)
which is of the form Vexp(—iwt)— V *exp(iwt). Hence for the absorption
process, where the first term is effective, the electric dipole operator

is Ze(xj+iyj)/\/2. For the emission process, where the second term
J

is effective, the electric dipole operator is Ze(xj—iyj)/\/Z. For LCP

radiation the electric field varies as £ E,/ \/ 2 cosjwt +yE,/ \/ 2 cos(wt + 1/2)
which leads to electric dipole operators which are the complex conjugate of
.those for RCP radiation.

A similar analysis can be made for magnetic dipole transitions, when the
phase relationships between B, and B, are identical to those between E, and
E, for RCP and LCP beams. We obtain the expression for the magnetic dipole
operators given in the text.
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Electronic centres in a vibrating
crystalline environment

5.1 General considerations

AN optical centre in a crystal participates in the vibrational motion of that
crystal, and this motion affects the optical properties of the centre. It is now
appropriate to consider how lattice vibrations can modify such properties.
The Hamiltonian describing the vibrating lattice is

2
Z2M

where P, and R, are the momentum and position of the /th ion and V}(R)) is
the interionic potential energy. If R,(0) is the equilibrium position of the Ith
ion then we can write

Hatice = + Vi(R) (5.1

R,=R,0)+q, (5.2)

where g, is the displacement of the /th ion from its equilibrium position. The
interionic potential energy is then

Vi(R) = V\(R,(0)) + Vi(q)) (5.3)

where V;(R,(0)) is a constant energy term, and V,(¢q,) is the additional
potential energy due to the displacement of the ions from their equilibrium
positions. ¥ has a simple form if the additional potential energy is harmonic
in the ionic displacements, particularly if only nearest-neighbour forces
between the ions are considered. In that case, and ignoring end effects at the
edges of the lattice, we have

‘Il)=%Kzl: ql—1)2 (5.4)

where K is the spring constant. Neglecting the constant term V;(R,(0)), the
resulting dynamic lattice Hamiltonian is

dynamlc_2|:7+2K —ql*1)2:|‘ (55)
lattice

Before attempting to solve for the eigenstates and eigenvalues of this
Hamiltonian we review the quantum analysis of the simplest oscillating
system, the linear harmonic oscillator. Then the simplest example of a
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dynamic lattice is examined—a monatomic line of atoms bound together by
nearest-neighbour harmonic forces. We find that the vibrational modes of this
lattice can be analysed as a collection of linear harmonic oscillators. The
energy quanta of these vibrational modes are referred to as phonons. This
analysis is then extended to the case of a three-dimensional crystal lattice.
Finally we analyse the effects of the vibrating crystalline environment on the
spectroscopic properties of an optically active centre which is an element of
the lattice

4

5.2 Lattice vibrations

5.2.1 The linear harmonic oscillator

The linear harmonic oscillator consists of a single mass M moving in the
x-direction under the action of a harmonic force F=—KX, K being the
spring constant and X the position of the mass. A classical analysis shows
that the mass oscillates sinusoidally about X =0 with angular frequency
wo=2mnv,=(K/M)*. The Hamiltonian for this system is

Pz 1
KX?
Hno= 2M+2
p2 K (5.6)
~ Ma?X?
=om Ty Mo

where P,= —ih0/0X. The operators X and P, satisfy the commutation
relationship

[X, P,]=ih. (5.7)

It is instructive to derive the eigenstates and eigenvalues of #°y0 using an
operator technique since this can be generalized into a method for solving the
harmonic crystal lattice problem. We define lowering and raising operators a
and a':

= M 1
(2th0)7[ WoX+i1P, ]

1
R .
a ——————(2 p oA)% [Mw,X—iP,].

(5.8

From these definitions and using eqn (5.7) we find
[a,a’]=1. (5.9

H yo can be written in terms of these operators:

h 1
fﬂ():l‘z’_"(aaT+ava)=hwo<afa+§). (5.10)
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We now define state functions |n), where n is an integer, as follows:
alny=n*ln—1>
atln)=mn+1)%n+1). (5.11)

It can be shown that these definitions are self-consistent. Thus eqn (5.11)
shows that the effect of operating on the state function |n) with a' is to change
this function to another representing the state |n+ 1), which, as we see below,
is higher in energy than |n) by one quantum hw,. a' is called a raising or
creation operator. Similarly a is a lowering or annihilation operator. From eqn
(5.11) we see that

a‘ajny=n|n). (5.12)
Hence the functions |n) are eigenstates of #:
Hyoln) =hwo(n+3)In) (5.13)

and the energy of state |n), E,, is hwq(n+%). Except for the factor of $ this
result was postulated by Planck when he used the linear harmonic oscillator
model of the atom to analyse the interaction of the atom with radiation. The
quantum analysis shows that the linear harmonic oscillator has a minimum
energy hw,/2, the zero-point vibrational energy, required for consistency with
the uncertainty principle.

This formalism is very useful for calculating properties of the harmonic
oscillator. For example, to calculate the expectation value of X2 when the
harmonic oscillator is in state n, we first express X in terms of a and a':

- h > t
X—<2Mw0> (a+a"). (5.14)

Hence the expectation value of X2 is

(X?)=

(n+%). (5.15)

h
t -
Mo, {nl(a+a )(a-+—a*)|n>—Mw0

This operator formalism is easily generalized. In fact, any quantum system
satisfying a Hamiltonian of the form #=AP*+BQ?2, P and Q being
operators which satisfy [ Q, P]=ih, can be analysed in the same way after first
defining the appropriate a, a' operators and state functions |n).

5.2.2 The linear monatomic chain

The simplest lattice is a one-dimensional chain of N + 1 identical atoms bound
together by nearest-neighbour harmonic forces. N is assumed to be a large
even integer. The equilibrium positions of the atoms are X;=Ia, | being an
integer between 0 and N which serves as a label for the atom, and a being the
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Fic. 5.1. The longitudinal displacement of the /th atom is q,. The extension of the
separation between atoms / and I—1 is (¢;—q,-,)-

equilibrium separation between adjacent atoms (Fig. 5.1). Ignoring end-
effects, which are relatively unimportant if N is large, the dynamic lattice
Hamiltonian is

P 1 5 ,
W—EW+EKZI‘,(%—%—1) (5.5)

which is the one-dimensional analogue of the Hamiltonian for the three-
dimensional simple lattice (eqn 5.5). The operators ¢, and P, are related by
[q:, Pr1=ihé,y, (5.16)

The Hamiltonian (5.5) can be converted to the correct form, AP?+ BQ?, by
transforming P, and ¢, to new ‘coordinates’ and ‘momenta’. Since ¢, is a
function defined only at discrete points la, we can make the expansion

iN
a=N"* Y Q,exp(—2ninl/N)=N"%Y Q, exp(—ik,la) (5.17)
n=—4N kn

where n is an integer with values between —iN and +iN. It is more
convenient to use k,=27nn/Na rather than n to label the coefficients in the
expansion. A similar expansion for P, is

iN
Pi=N"%* Y P,exp(2ninl/N)=N"*Y P, exp(ik,la) (5.18)
n=""4N n
The coefficients @, and P, in eqns (5.17) and (5.18) are operators defined by

N
Q. =N"% 2 q.exp(ik,la) (5.19)
1=0
and

N
P, =N"*Y Pexp(—ik,la). (5.20)
1=0
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From these definitions of Q, and P, and making use of eqn (5.16) we find
[Qk"s .Pk,,,] :ihénn' (52])

However, 0, and P, are not Hermitian operators. From their definitions we
see that

0l,=0Q.., Pl=P_. (5.22)

After some mathematical manipulation the Hamiltonian for the dynamic
lattice, eqn (5.5"), can be written as a sum of Hamiltonians:

—Z[ - “"+ Gk, Qs, QL] (523)
ke
=Y Ha, (5.24)
k,
where
G(k,)=4K sin*4(k,a) (5.25)
and each individual Hamiltonian is of the required form, viz.
H, = P""+1G(k)Q 0l (5.26)
kn— 2M 2 kn X kn> .

0,, and P, having the correct commutation relationship. The fact that the
Hamiltonian (5.26) contains PP' instead of PP is not inconsistent with
the linear harmonic oscillator analysis since, as P, and X are Hermitian, the
original linear harmonic oscillator Hamiltonian could have been written as

Huo="577 HHKXX". (5.27)

Comparing eqns (5.26) and (5.27), and from the definition of Q s, we see that
the Hamiltonian ' describes a coupled mode of oscillation with normal
coordinate Qy , the frequency of this oscillation being

(G \T_, (K2
Y \M )~ M) 2

The k, values are in the range —n/a <0< + m/a, so that the frequencies cover
a quasicontinuum of discrete values, as indicated by the dispersion relation-
ship shown in Fig. 5.2. This dispersion relationship is identical to that
obtained from a classical analysis of the vibrations of a linear monatomic
chain. For convenience we replace the index k, by k, remembering that k
covers a quasi-continuum of discrete values.

We may proceed with the quantum analysis of the vibrations of the linear
monatomic chain by analogy with that used for the linear harmonic oscillator.

. k,a
sin

(5.28)
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FiG. 5.2. Variation of w, with k for the vibrational modes of the one-dimensional line
of atoms.

For each Hamiltonian, s, operators a; and a,t are defined as in eqn (5.8),
replacing X and P, by the appropriate collective motion coordinates. It is not
immediately apparent, however, whether X should be replaced by Q, orby 0]
and whether P, should be replaced by P, or P}. The following definitions are
adopted:

1

1 2 .
ak=<mw—k) (M QF+iPy)

. (5.29)
ah=( )’ = (MawrQs—iP})
K=\ 5 Mhao, ) — Ok k
from which, using eqn (5.22), it follows that
(ks 4 1=y (5.30)
State functions |n, ) are also defined such that
ain,>=nt|n—1
R0 k I k > (531)

alln > =(m+ 1) m+1)

where n, is a positive integer or zero. Next we evaluate (ay al +a,1ak)hwk /2,
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obtaining the value

i
Yaval +aja)ho = A\ — 5 —(PoQy+ QuP— PLOL— QL PD)
k

where S, is given by eqn (5.26). Because of the last term on the right this is not
quite analogous to eqn (5.10). However, after summing over all k values we
obtain

h
H=Y #,=Y % (acal +alay). (5.32)
k k
This can be written
# =Y #HO (5.33)
k
where
h
H° == (@al+alay) (5.34)

We observe that #H° is not the same as #,; #H° is not the Hamiltonian for
one of the vibrational modes of the lattice. However, #°}° has the form of the
Hamiltonian for the linear harmonic oscillator (eqn 5.10) and so, in analogy
with the case of the linear harmonic oscillator, we see that the state functions
|n, > are eigenstates of #}°:

”l}clo|nk>=(nk+%)hwklnk> (5.35)

and n, gives the number of quanta of energy in the collective mode of
vibrations k above the zero-point energy. The average value of n, at
temperature T is given by the Bose-Einstein factor [exp(hw,/kT)—1]" .
These quanta of vibrational energy are phonons. The eigenstate of the
Hamiltonian # is the product state |n,, > |n., Yin > .. . which we can write
as|nq, Mgy, M3, - - - »- A convenient shorthand for this product state is |ny, n,,
N, ... »or simply |n). The energy of the eigenstate |n) is T (n, + 1) hw, . This
procedure of quantizing the energy of the normal modes of vibration is known
as second quantization.

The normal coordinates, Q, are composed of displacements of the
individual atoms, ¢,, multiplied by appropriate phase factors (eqn 5.19).
Conversely we can describe the displacement, g,, of the Ith atom from its
equilibrium position in terms of the normal coordinates (eqn 5.17). From eqn
(5.29) we find

h %* 5.36
Qk=(2ka) (a; +ay) (5.36)
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and using eqn (5.19) we obtain, after some algebra,

—

h 2 )
‘]1=Zk: qf"’:Zk: <2kaN> (al +a_;)exp(—ikla)

or, by a rearrangement of terms,

1
h 2 . .
q,=2k: <m) [a} exp(—ikla)+ aexp(ikla)]. (5.37)

This is a very useful formula since it relates the displacement of the Ith atom to
the creation and annihilation operators for phonons.

A lattice vibration k introduces a periodic distortion of the environment, in
particular it introduces a periodic variation in the separation between
adjacent atoms. In the long wavelength limit (vibrational wavelength > a) the

local ‘strain’ in the vicinity of the Ith atom caused by the kth mode can be
written as

LR AN (L ® ikl ikla)). (5.38
&k ( )_—a‘_ —1 m (ax exp(ikla)—ay exp(ikla)).  (5.38)
Since we will be dealing with the effect of strain upon a specific atom or ion the
atom or ion in question can be taken to have the label /=0, so that

1

_ . h 2 t _ o hwk E t
&g = lk<2Mka ) (ay—a )= —1i <2MNU,% > (ar—a) (5.39)

a result valid only in the long wavelength limit. v, is the velocity of the kth
mode.

So far we have considered only a simple monatomic harmonic lattice. Real
crystals are three-dimensional; they generally contain more than one type of
atom, the forces acting between which are not solely nearest-neighbour forces
nor are they purely harmonic. If we neglect the anharmonic effects the
quantization of such a system can proceed along identical lines as for the
monatomic linear lattice, but the algebra is much more complicated. The
normal modes of vibration are also more complicated. There are different
branches to the dispersion curves of w versus k as Fig. 5.3 shows, and the
dispersion relationship differs for different propagation directions in the
crystal, each branch of the dispersion curve being separable into acoustical
and optical modes of vibration. Finally there are transverse and longitudinal
vibrations. For long-wavelength acoustical modes there is generally a small
phase difference between the motions of adjacent atoms or ions, while for
optical modes the motions of adjacent atoms or ions can be in antiphase. In
the case of ionic materials transverse optical modes cause a large oscillating
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w(10'2Hz) 4|

(000) (001) = (110) (000) (319)

Fi6.5.3. Dispersion curves for sodium iodide based on a simple shell model (Woods et
al. 1963). The measured values are in general agreement with the calculations. The
dispersion curves in the acoustical branches show a similarity to the curve derived for
the one-dimensional line of atoms (Fig. 5.2).

dipole moment which can interact strongly with electromagnetic radiation.
Exact phase matching between this vibrational mode and the radiation
requires that k~0 for this interacting vibrational mode. The frequency at
which this strong interaction occurs is in the infrared and it is known as the
reststrahl frequency. For our purposes eqns (5.37) and (5.39) with their
minimum formalism are generally adequate to describe displacements and
strains in real crystals associated with lattice vibrations of long wavelength.

When the vibrational wavelength becomes comparable with the interionic
or interatomic distances the distortions of the crystal environment about the
electronic centre are more complicated. It is then useful to classify the
distortions according to irreducible representations of the equilibrium sym-
metry of the electronic centre and its surroundings. For example, Fig. 54
shows the relevant normal mode distortions of an octahedral complex, in
which the central ion is surrounded by six neighbouring ions equidistant
along +x, +y, +z-directions. The symmetry classifications of these distor-
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L

f

Fic. 5.4. Normal modes of distortion of the complex consisting of an electronic centre
with six neighbouring ions equidistant along the +x, +y, +z-directions.

1g

tions are also shown. Note that distortions of T,, and T,, symmetries destroy
the inversion symmetry at the site of the electronic centre. Such odd-parity
distortions have important consequences for the spectroscopic properties of
the electronic centre.

5.3 The coupled electron-lattice system

We now investigate the situation in which the optically-active centre is an
element in a dynamic lattice. For convenience we will assume that the centre
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in question is an ion. The Hamiltonian describing this system can be written

2
A= Lol + Al R)+V(R)+ T (540
1
where %, is the free-ion Hamiltonian, eqn (2.35), #.(r;, R,) is the crystal field
Hamiltonian, eqn (2.56), V{(R,) is the interion potential energy, and the last
term is the kinetic energy of the lattice ions. The free ion and crystal field
Hamiltonians have been discussed in Sections 2.3 and 2.4, respectively. r; and
R, are the variables of the system. The difficulty with the above Hamiltonian is
that the term J#,(r;, R,), which contains both electronic and ionic coordinates,
couples the electronic motion with the vibrations of the lattice ions. The
extent to which the electronic and ionic variables may be decoupled was first
considered by Born and Oppenheimer (1927) in their analysis of the coupling
of electronic and nuclear motions of diatomic molecules. We shall generally
follow their approach.
Let us first omit the ionic kinetic energy term and consider the Hamiltonian
with the static lattice

Ho= Hu(r)+H.(r;, R)+V(R)
=H.(r;, R)+Vi(R) (5.41)

in which R, is regarded as a parameter rather than a variable; r; is the variable.
H.(r;, R)) is the electronic part of this Hamiltonian and it was considered in
detail in Section 2.4. We write the eigenfunctions of #7, as ¥, (r;, R,):

HoVa(ri, R)=ER)Y,(r;, R). (5.42)

The subscript a labels the particular electronic state. We indicate in eqn (5.42)
that the energy depends parametrically on the set of R, values chosen. V{(R)) is
included in #, because the interionic energy depends on the coupling
between the central ion (which is part of the lattice) and the remainder of the
lattice. The energy eigenvalue E‘“(R,) is then

EOR)= Yol Helri, R)IYD + Wl VIR o)
= OR)+VIO(R). (5.43)

We note that 3 (R,) is the electronic energy of the ion in the static crystal, as
discussed in previous chapters. To this is added the interion potential energy
V (9(R,); the label a indicates that the interion potential energy depends on the
electronic state a of the centre.

We now return to the Hamiltonian which includes the dynamic lattice,
eqn (5.40): Ao+, (P?/2M,) and we seek eigenfunctions of the form
V. (r;, R)1.(R,) where ¥, is an eigenstate of 5#, and y,(R,) is a function of the
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variables R,. The Schrodinger equation is

PZ
[Jfo + ;—21\} } Yalris R)Xa(R)=EY,(ri, R)1a(R,). (5.44)
1
Writing P, as —ihV, we see that

’2 hz 2 2
! =——[v.VZU. +2(V,v.) (V. )+, V . 5.45
2M{ ‘//aXa 2M’[Xa ] l//a 2( lXa) ( llpa) wa ] Xa] ( ‘)

Assuming only a weak parametric dependence of Y, (r;, R,) on R, the first two
terms in eqn (5.45) are small-in comparison with the last term; they may
possibly be neglected. If these terms are neglected it means that the electronic
centre is not changed out of its electronic state by the variations in R,. Rather
does the electronic state ‘adjust’ to the changing R, values. On physical
grounds we might expect such gradual adjustments of the electronic state to
be a reasonable assumption because the electronic motion is so much faster
than the ionic motion. The approximation in which the first two terms in eqn
(5.45) are neglected was first made by Born and Oppenheimer and is known as
the Born—Oppenheimer approximation or as the adiabatic approximation, in
view of the implication that the electronic state adjusts adiabatically to the
slowly varying ionic positions.

The effects of the terms VZy, and V,x,.V,¥,, which have been neglected,
can be included using perturbation theory. These terms mix the state y,x,
with other states y,x,, but mixing will be small provided that the energy
separation between these states is large. The Born—Oppenheimer approxima-
tion should be valid for non-degenerate electronic states. If there is electronic
degeneracy present then it may not be possible to express the eigenstate of the
Hamiltonian (eqn 5.40) as a simple product of the electronic and vibrational
functions. One consequence of the coupling of electronic and lattice states
when degeneracy occurs is the Jahn—Teller distortion. In the analysis which
follows we adopt the Born—-Oppenheimer approximation.

If we adopt the Born—Oppenheimer approximation, the ion-plus-lattice
eigenstates are of the form y,(r;, R))x,(R,) and these are known as Born—
Oppenheimer states. The Schrodinger equation (5.44) becomes

_ K2
[HoWalr;, R)]x.(R)+ [Xl: M, VlZXa(Rl):I Yulri, R))

=EY,(ri, R) x.(R) (5.46)

which reduces to

_h2
[; o Vit E("’(Rt)] Xa(R)=Exa(Ry) (5.47)
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where E@(R)) has already been given (eqn 5.43). This is the potential energy in
which the ions move.
Since R, oscillates about its average value we write

R,=R{®0)+4¢" (5.48)

where R{”(0) is the average position of the /th ion when the system is in
electronic state a and g{* is the displacement of the ion from its average value.
The electronic energy term and the interion potential term can then be written

H O(R)=H D(RP0)+V (1) (549)
and

VIO(R)=V{(R0)+V {"(q("). (5.50)
The average or rigid lattice energy is

EQ'=# ORP0)+V 12(R(0). (551)

The ionic potential energy E“(R,) in eqn (5.43) becomes, from eqns (5.49) and
(5.50)

EOR)=EQ+V (q")+ V(" (qt")
=E® + V @(g@), (5.52)

The term ¥ @(q{®) gives the effect of lattice distortion on the electronic energy,
and V{?(¢\®) gives the effect of the lattice distortion on the interionic
potential energy.
The Schrodinger equation for the lattice state, eqn (5.47), can now be
written
p ’2 @) (g(a) (@) (g(@) (a)) (@) ( (a)
;TM, +V (@) (@) =(E—-EP)x"(q)”). (5.53)
The difficulty encountered in solving this equation is that ¥ @(g®) is not
separable into a sum of terms each of which is a function only of an individual
q\® variable; the dynamic lattice is a coupled system. As we did in the case of
the monatomic line of atoms we change from a description in terms of
displacements of the individual ions, ¢\, to a description in terms of normal
coordinates, Q,, of the complex of ions. We write the lattice state as y,(Q,). If
V @ is harmonic in the normal coordinates then the lattice eigenstates are
products of linear harmonic oscillator functions, one for each normal mode k:

Xa= l:[lnk > (5.54)
The total energy E (eqn 5.53) is now given by

E=EQ+ Y ho@®(ng+3). (5.55)
k
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w\® is the angular velocity (usually termed the frequency) of mode k, and the
superscript indicates that the frequencies can depend on the electronic state of
the system. ny gives the number of quanta of vibrational energy (phonons) in
mode k above the zero-point energy. At temperature T the average value of ny,
is given by the Bose-FEinstein factor:

1

% explhan kT ~1

(5.56)

The electronic part of the Born—Oppenheimer state, ,(r;, R,), is an
eigenstate of #, (eqn 5.41) with energy E@(R,) given by eqn (5.52), and the R,
are a set of variable parameters. In practice, in the calculation of Y, one
replaces these by a set of fixed R, values, R,(0), and the ion-plus-lattice system
in now described by ‘crude Born—Oppenheimer states’:

Valris RO)1a(Ry). | (5.57)

Returning to the lattice state, y,(Q,), there are many normal modes of
vibration, k, which must be taken into account. This can complicate the
analysis of transitions between various ion-plus-lattice states. Consequently it
is very helpful to make the simplifying assumption that we can confine our
attention to one representative mode only. It is usual to choose as this
vibrational mode the breathing mode in which the ionic environment pulsates
about the optically active ion. The distance from this central ion to the first
shell of neighbouring ions is labelled Q, it is the configurational coordinate and
is the variable of the lattice state. In this single configurational coordinate
model Q oscillates about its equilibrium value, Q¥, and the crude
Born-Oppenheimer wavefunction can be written as y,(r;, Q%)x,(Q). The -
ionic potential energy (eqn 5.52) can be written as

EQQ)=E® + V @(Q). (5.58)

Figure 5.5 shows the ionic potential energy E(Q) in the case where the
system is in electronic state a, and ¥ “)(Q) is drawn in the form of a Morse
potential. In the harmonic approximation this is replaced by a harmonic
potential, shown by the broken curve in the figure. In the harmonic
approximation the lattice state y,(n) can be written as |n), where n is the
number of vibrational quanta above the zero-point energy. Some of the
vibrational states are drawn in Fig. 5.5. When the system changes to electronic
state b the equilibrium positions of the ions are R®(0) and Q oscillates about a
new equilibrium value, Q. The ionic potential energy E®(Q)=E® + V ®(Q)
is drawn in the figure and V ®(Q) is shown as a Morse potential. In the
harmonic approximation this is replaced by a harmonic potential, shown by
the broken curve in the figure; the lattice state y,(m) is now a harmonic
oscillator state and can be written as |m ) where m is the number of vibrational
quanta above the zero-point energy. We can allow for the breathing mode
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Fic. 5.5. The ionic potential energy curves in the case of the ‘breathing-mode’
vibration when the electronic centre is in states a and b. The broken curves are the
approximate harmonic oscillator potentials.

frequencies »® and w® to be different for the two electronic states. Fig. 5.5 is
known as a configurational coordinate diagram. (Williams 1951; Curie 1963.)

5.4 Radiative transitions using the configurational coordinate model

We consider a radiative transition between different electronic states a and b
on an optically-active ion in a vibrating lattice. We use the single configur-
ational coordinate model in the harmonic approximation where the ground
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Fic. 5.6. Configurational coordinate diagram in the harmonic approximation for
electronic states a and b. The vibrational frequencies in the two electronic states are
assumed to be the same. In the classical Condon transition the peak of the absorption
energy is represented by the length of the vertical line from the bottom of the ground-
state parabola to the point of intersection with the excited-state parabola.

and excited state wavefunctions are y,(r;, R))x,(n) and Y, (r;, R,)x,(m), re-
spectively. The ionic potential energy curves in the ground (a) and excited (b)
states are shown in Fig. 5.6. For simplicity in the analysis we assume that the
vibrational frequencies are the same in the a and b states; but we allow the
average values of the configurational coordinate, Q, to be different in the two
cases. This difference in the average values of Q arises because of the difference
in coupling between the optically active ion and the lattice (the
electron-lattice coupling) in states a and b. The larger the difference in
coupling the larger is Q&' — Q.
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The ionic potential energy in the ground state is E“(Q)=E{ +
IMw?(Q —0§")?, where M is some effective ionic mass and w is the vibrational
frequency. It is convenient to treat EY” as the zero of energy, so that the ionic
potential in the ground state is

EWQ)=3Mw?*(Q— 08N> (5.59)
With this same zero of energy the ionic potential in the excited state is
E®(Q)=Enp— 3 Mw?(Q9 - 0F)* +3 Mw?* (@~ QP
=Eg+3Mw?(Q— 08 — Mw*(QP - 06")(Q — 05"
where E,, is defined in Fig. 5.6. Since
E®(Q)— E“(Q)=E,,— Mw*(Q8 - 05)(Q - 0F) (5.61)

is linear in (Q — QY), this is referred to as the linear coupling case.
The excited state ionic potential (5.60) can be written as

(5.60)

BV Eut 4 MoP@- 0 ato 2 fl0-0) (562

where the dimensionless constant 4 =(Mw/h)*(Q$ — Q%) characterizes the
difference in electron—lattice coupling between electronic states a and b. It is
usual to characterize the difference in electron-lattice coupling by another
dimensionless constant, the Huang—Rhys parameter, S, defined as

A 1Mo?

_ _Edis
2 72 ho N

hw

(05— 06 (5.63)
where Eg; is defined in Fig. 5.6. If the vertical line from Q=0 on the

configurational coordinate diagram intersects the upper parabola at the
vibrational level m’ (Fig. 5.6) then

E i =Sho=(m' +Hho. (5.64)

The absorption and emission transitions between electronic states a and b can
be analysed using this configurational coordinate diagram. The shapes of the
spectra are found to depend strongly on the difference in electron-lattice
coupling between the two states.

5.4.1 Absorption transitions

By extension of the techniques developed in Chapter 4 to discuss radiative
transition rates it is apparent that the probability of an absorption transition
from electronic—vibrational state a, n to electronic—vibrational state b, m is
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proportional to the square of the matrix element

Ui, @) xp(m)| 1 Walri; Q)xa(n)) (5.65)

where the integration is over electronic and vibrational coordinates and  is
the appropriate electronic dipole operator. To simplify this matrix element we
use crude Born—Oppenheimer functions, replacing the variable Q in y, and y,
by some average value. At very low temperatures the initial state is ¥, x,(0)
and the harmonic oscillator function y,(0) has maximum amplitude at
0=0%. Hence we use this value of Q as the average in the electronic
wavefunctions. The matrix element (5.65) is then given approximately by

(i, Q) lra(ris Q7)) ity (M) xa(m))- (5.66)

Converting the matrix element (5.65) into the form (5.66) is known as the
Condon approximation. The transition probability then is

Wan—bm= Pap| 1o (m)| xo(m) >1? (5.67)

where P, is the purely electronic transition probability and is the same for all
vibrational states n, m. The relative values of W,,_,,, depend on the squares of
the vibrational overlap integrals {y,(m)|x,(n)). x,(n) and y,(m) are each a
similar set of harmonic oscillator functions but are defined with respect to
different zeros of the variables Q. As a result the overlap integrals are generally
not zero.

The shape of the absorption band is given by

Ly(E)=1Io Av, ). |ty (m) | £a() > O (Ep pp— E,,, ,— E) (5.68)

where Av, indicates a thermal average over the initial vibrational state n, and
where E, , is the energy of the nth vibrational state when the electronic centre
is in state a. This band will consist of a series of delta-functions at various
energies differing by Aw. The overlap integral can be expressed in closed form
(Keil 1965)

Qto(m)| 2a(n)) = exp(— A2/4)(n!/mI)* (— A/ /2" "Ly "(4%)2)  (5.69)

where L™ are associated Laguerre polynomials of which Lg(x)=1.

At T=0 K only the n=0 vibrational state is occupied, so we require values
of |<xy(m)|1,(0)>|?. This is called the zero-temperature Franck-Condon
factor, F,,(0), and

exp(—A4%/2)(4%/2)"
m!

F(0)=1<x,(m) | £ (0)>[* =

5.70
_ exp(—S)S™ (70)

m!
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At T=0K the absorption band shape function is

Iab(E>=Iozw6<Ebm o—E)

(5.71)
_s)s™
IZCXP 8 S(Eq+mhe— E)

where Eq=E,,—E,, is the energy of the transition between the zero
vibrational levels of both initial and final states; this is the energy of the zero-
phonon transition.

Since Zl( 15(M)|xa(n)>|> =1 the intensity of the full band is I, and is

independent of the value of S. This also means that the intensity of the
absorption band is independent of temperature. The zero-phonon line has the
intensity I, exp(—S), and if S=0 all the intensity is contained in the zero-
phonon line. S=0 means there is no lateral displacement of the harmonic
oscillator parabolae in Fig. 5.6. In this case Q%" = Q%), and y,(n) and y,(m) are
identical sets of harmonic oscillator wavefunctions. Hence by the orthog-
onality of the y,(n) functions we see {y,(m)|x,(0)> =9,,0. As S increases the
intensity in the zero-phonon line decreases and this is compensated for by the
appearance of vibrational sidebands which are observed at energies mhw above
the zero-phonon line. We can say that the sideband intensity is borrowed from
the zero-phonon line. At sufficiently large values of S the zero-phonon line
does not appear.

The predicted bandshapes for different values of S (eqn 5.71) are plotted in
Fig. 5.7. The total transition probability is independent of S so all of these
should have the same integrated intensity; but for clarity they are drawn to
have the same maximum intensity. The zero-phonon line (0—0) is a transition
between purely electronic states and should appear as a sharp line. The
sideband transitions, 0—»m (m>0), occurring at higher energies, involve the
creation of m phonons in the excited state. Since there is a wide spectrum of
lattice vibrational frequencies rather than a single breathing-mode vibra-
tional frequency, we expect that in practice the sideband features above the
zero-phonon line will appear as broad bands. In Fig. 5.8(a) we show the low
temperature absorption band shape predicted for the case S=7 where
hw~250 cm ™! and where the 0—m sideband feature at energy mhw above the
zero-phonon line is assumed to have a width of amount mhw. We notice that
the higher-order sidebands lose their separate identities and we obtain a
smooth bandshape at the high-energy side of the absorption peak. In Fig.
5.8(b) we show the observed *A,—*T, absorption band of Cr** in aluminium
oxide (ruby). The experimental bandshape is quite similar to the theoretical
bandshape for the chosen set of parameters.

Two aspects of Fig. 5.7 are worth noting. The first is that for S>1 the
maximum absorption occurs at an energy (S —4)aw above the zero-phonon
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FiG. 5.7. The relative intensities in the different electronic—vibrational lines change
with the strength of the coupling (S) in accordance with eqn (5.71). The envelope of the
individual intensities gives the predicted bandshapes.

line. This means that the most likely final state vibrational level is at an energy
Shw above the bottom of the excited state parabola. But from eqn (5.64) we
have Shw = E;,, where Eg; is shown in Fig. 5.6. Hence the most likely final
vibrational level is the m’ level (Fig. 5.9), which touches the excited state
parabola at Q = Q%. This means that the most probable absorption transition
is indicated on the configurational coordinate model by the vertical line from
the centre of the ground-state parabola to where this vertical line touches the
excited-state parabola. We can understand this result by examining the
overlap integrals {y,(m)|x,(0)>. We first note that in the electronic ground
state, g, the vibrational wavefunction y,(0) has its maximum amplitude at Q%°.
Hence we expect that the overlap integral will be a maximum for the state
1(m) with maximum amplitude at Q = Q. The amplitudes of some harmonic
oscillator wavefunctions of y,(m) with m=m’'+1, m’, m'—1 are shown
schematically in Fig. 5.9. The maximum occurs for m=m/, the vibrational
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FiG. 5.8. (a) Low-temperature absorption bandshape predicted for the case of S=7
and hw =250 cm ™! where the sideband feature at energy mhw above the zero-phonon
line is assumed to have a width of amount mhw. (b) Observed *A,—*T, absorption
band of Cr3* in aluminium oxide (ruby) at 77K.
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Fic. 59. x,(0) and x,(m’) have maximum amplitudes at the same value of the
configurational coordinate, Q%

state whose energy level crosses the b parabola at Q = Q. This is the quantum
basis for the semi-classical model which envisages the absorption maximum
being represented by a vertical line from the bottom of the ground-state
parabola until the excited-state parabola is reached (the classical
Franck—Condon principle).

The second aspect to be noted in Fig. 5.7 is that the bandshape is not
symmetrical for small S but becomes more symmetrical for larger values of S.
The change in bandshape as a function of the Huang—Rhys parameter, S, is
illustrated in Fig. 5.10, which examines transitions for both large S and small
S. In each case the peak of the absorption band occurs at an energy given by
the vertical line from the bottom of the ground-state parabola to the excited-
state parabola. The width of the transition is approximately the energy spread
between the vertical lines from the points where the zero vibrational level
meets the ground-state parabola (i.e. the dotted vertical lines in Fig. 5.10). For
large values of S the vertical lines intersect the excited-state parabola at a
region of approximately constant curvature, and the resultant absorption
band is quite symmetrical. For small S values the vertical lines intersect the
excited-state parabola in a region where the curvature is changing rapidly and
the resultant absorption band has an asymmetry. The envelope of the
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F16.5.10. The width and shape of the absorption band depends on the configurational
coordinate displacement between the ground-state and excited-state parabolae.

absorption transitions (eqn 5.71) is a Pekarian curve. However, for large
values of S it becomes Gaussian-like and the bandwidth increases.

We now use Fig. 5.10 to make an approximate calculation of the band-
width. The width is taken as the spread in energy of the excited-state parabola
between the intercepts with the dotted vertical lines. The zero vibrational level
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involves a variation + A, about Q,. We see that

M QP — 08 =(m + 3o (5.72)
IMo?(QP - Q% —Ay)? =(m' —Am+3)ho (5.73)
IMo?(QP — Q9+ Ay)> =(m' + Am' + ) ho. (5.74)

Assuming that A, < Q® — Q% we can write
Mo*(QP — 0§A, ~ Amhw ~ Am'hw, (5.75)
therefore the bandwidth at 7=0 is I'(0) where
T0)~(Am+Am)ho~2Mwn*(QP —Q¥)A,. (5.76)
From the definition of the Huang—Rhys parameter we have
IM0* (09— 08)* = Shw (5.77)

and from the energy of the zero-vibrational level we have

IMw?Al=1ho. (5.78)
Hence we find

I'(0)~2ho(2S)*. (5.79)

An exact calculation of the second moment of a Pekarian-shaped bandwidth
gives
I'(0)=2.36hnS*. (5.80)

An expression for the absorption bandshape at temperatures above T=0is
derived by carrying out the thermal average over the initial vibrational states
in eqn (5.68). Keil (1965) shows that the absorption bandshape as a function of
temperatures is given by

s ho phw
ILo(E)=1, ) exp( Scothm+2kT> (S hsz>6(Eo+phw—E)

p=—-o

o0

=1, _Z exp(—S(l+2n))(1—:;—n>p/2 1,(28/n(n+1))6(Eo+ phw—E)
’ (5.81)

where n=[exp(hw/kT)—1]! is the mean thermal occupancy in the vibra-
tional mode, and I,(x) is the modified Bessel function. The exp(—S) term at
T=0 (eqn 5.71) has become exp[ —S(1+2n)]. The term S(1+2n) is some-
times called the effective Huang-Rhys parameter at high temperatures. We
see that at 7> 0 there can be components of the band with negative values of
p, that is, absorption sidebands at energies lower than the zero-phonon line.
These are called the anti-Stokes sidebands. Figure 5.11 shows how tempera-
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FiG. 5.11. At T=0 the sidebands appear only on one side of the zero-phonon line.
These are the Stokes sidebands. When the temperature is raised additional sidebands
(anti-Stokes sidebands) appear on the other side of the zero-phonon line.

ture affects the absorption band. Although the lineshape changes, the total
absorption intensity is independent of the temperature. According to eqn
(5.81) the intensity in the zero-phonon line (at p=0) is

h
I exp<—s coth%)zlo exp(—S(1 +2n)) (5.82)

which decreases with increasing temperature. When S is much less than
unity, S <1, the zero-phonon line intensity becomes /(1 —S coth(hw/2kT)),



208 Vibrating Crystalline Environment

showing that the sideband intensity increases with temperature as
I,S coth(hw/2kT).

Equation (5.76) shows that at T=0 the bandwidth is ['(0)~2Mw?(QY
—QW)A,. The temperature dependence of the bandwidth can be taken into
account by writing I'( T)~2Mw?(Q¥ — Q%) (Av,A2)* where A, is the ampli-
tude of the breathing mode oscillating in the nth vibrational level. Since
IMw?A2 ~hw(n+1) we find

A2=AZ%(1+2n) (5.83)

therefore

2 _
Av,AZ=F A; exp(—nhw/kT) (5.84)

" Y exp(—mhw/kT)

which can be evaluated to yield

h
Av,AZ = A2 coth 27% (5.85)

hw
H ~ / — .
ence I'(T)y~I'(0) /coth KT (5.86)

This is also the result of an exact calculation based on eqn (5.81). Although the
width of the band increases with increasing temperatures, the centre of gravity
of the band is expected to remain constant.

5.4.2 Emission transitions

When at low temperature the electronic-vibrational system is raised to some
higher vibrational level, y,(m), associated with an excited electronic state b, it
decays quickly by multiphonon emission to the ground vibrational level,
1»(0). Subsequently radiative decay returns the system to vibrational level,
12(n), of the ground electronic state a. The relative probability of returning to
this vibrational state is given by the square of the overlap integral
{xaMx»(0)>. The shape of the emission band at temperature T=0 is

exp(—S)S"

I(E)=Io ¥, =0

n

O(Eq—nhw—E). (5.87)

Figure 5.12 compares the absorption and emission transitions on the
configurational coordinate model. The emission band occurs at lower energy,
and the shift in energy between the emission and absorption band peaks is
known as the Stokes shift. If the excited-state and ground-state parabolae are
identical, the emission and absorption bandshapes are mirror images of each
other and the Stokes shift has magnitude (25 — 1)Aw. When the parabolae are
not identical this mirror symmetry does not occur.
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F1G. 5.12. A comparison of the low-temperature absorption and emission transitions
on the configurational coordinate diagram. The band peaks occur at the energies given
by the lengths of the vertical arrows, hence the emission band is at lower energy. The
shift in energy between the absorption and emission band peaks is known as the Stokes
shift.

5.4.3 Vibronic coupling and electronic degeneracy

The treatment of vibronic coupling has so far neglected possible electronic
degeneracies of the states involved in optical transitions. Indeed this omission
is implicit in the use of Born-Oppenheimer product funictions to represent the
vibronic states of the system. In general, such orbital degeneracies may not
persist when the electronic system occupies a highly symmetric environment.
This follows from the theorem due to Jahn and Teller (1937), the consequences
of which have been reviewed by Sturge (1967), Englman (1972), and Ham
(1972) among others. The origin of the effect is that where orbital degeneracy
exists there are, in addition to the usual terms quadratic in the displacements,
terms which are linear in the displacements of the neighbouring ions.
Jahn-Teller coupling affects the properties of non-linear molecules and
localized systems of electrons such as impurity ions, defects, and molecular
centres in solids, which may have incipient instability against symmetry-
lowering distortions which reduce the degeneracy so that, at most, only
Kramers degeneracy remains. In some instances the optical or magnetic
resonance spectrum immediately reveals the reduction in symmetry associ-
ated with the presence of the Jahn—Teller interaction. However, there are also
certain subtle property changes such as different responses to uniaxial stress
or magnetic field by optical zero-phonon lines and broad bands (Silsbee 1965).
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The general features of the Jahn-Teller interactions are illustrated by
reference to the F;-centre in the alkali halides (Silsbee 1965; Hughes 1966)—
an aggregate of three F-centres arranged in nearest-neighbour anion sites on
{111} planes. Allowed electric dipole transitions occur between an orbital
singlet ground state, A, and an orbital doublet state, E; these states transform
as irreducible representations of the C;, group. The orbital doublet state
undergoes a Jahn—Teller distortion. Figure 5.13a shows two components, Q,
and Q,, of an E-mode of distortion of the F;-centre, which transform as the
basis vectors | E, > and | E, ) of the representation E (see Table 3.3). (In reality it
is the cooperative motion of all the ions in the neighbourhood of the centre
which produces this mode.) The Hamiltonian representing the dependence of

(a)

(b)

—— —— 3% L=

Fic. 5.13. The Jahn-Teller distortion of F;-centres in alkali halides. Three F-centres
form an aggregate in nearest-neighbour anion sites on the (111) plane. The directions
shown are x||[110] and y||[112]. (a) Shows the two modes of distortion of the
equilateral triangle corresponding to two components of an E-mode of vibration of the
F;-centre. (b) Shows three equivalent distortions of the equilateral triangle which
might be stabilized by additional non-linear terms in the Hamiltonian.
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the electronic energy on the normal modes Q, and Q, may then be written as
the sum of two terms: the elastic energy in the modes quadratic in Q, and Q,,
and the interaction between the electronic states and the modes, the leading
term of which is linear in Q, and Q,, hence

H =M (Q1+03)+4,0,+4,0, (5.88)

where M is an effective ‘molecular’ mass, w is the mode frequency, and ¢, g,
are electronic terms describing the sensitivity of the electronic states to @, and
Q, distortions. Symmetry arguments alone show that the electronic operator
q, and g, must transform as Q, and Q,, respectively. In consequence the only
finite matrix elements of the Jahn-Teller Hamiltonian, #,r=q,0Q, + 4,0,
between states of E symmetry are

CEL|#7|Ex> = —<E,|# ) |E,) =00,
and
CEL|# 11|, D =<E,|# ;1 |E;>=aQ;.

In consequence the matrix of the Hamiltonian J# is

Q. QI:I
Q1 -9

in which I is a 2x2 unit matrix. The associated energy eigenvalues as
functions of the Q’s provide the energy surfaces on which we seek the minima
corresponding to stable solutions. Making the parametric substitution

|E.>=0Q,=pcosb
|E,>=0,=psin0 (5.90)

where p measures the absolute magnitude of the distortion of the equilateral
triangle, we find that the Hamiltonian, 5, has eigenvalues

;sz(Qf+Q§)I+oc|: (5.89)

E={Mw?p?+ap. (5.91)

A planar section through the E versus p surfaces (Fig. 5.14) shows two
branches (eqn 5.91) which have equivalent stable minima at p= +a/Mw?,
depressed in energy relative to the symmetric (p=0) configuration by the
Jahn-Teller energy, E,r=0a2?/2M®?. Obviously twofold electronic degeneracy
has been removed at the expense of producing a twofold degenerate vibronic
state. This is a general feature of the Jahn-Teller theorem. Note that the
eigenvalues (eqn 5.91) do not depend on the angle 6, implying only a dynamic
effect in which rotation about p =0 would be unrestricted; the presence of a
Jahn-Teller effect may not then be immediately apparent.

The assumption of terms only linear in Q, and Q, is not necessarily a good
approximation; usually quadratic interaction terms and anharmonic poten-
tial energy terms must be included. These terms tend to stabilize particular
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F1c. 5.14. A planar section through the energy versus displacement surfaces of an E
electronic state of the F,-centre, showing the removal of orbital degeneracy by
distortions associated with the Jahn-Teller effect.

distortions. In the case of the F;-centres there are three equivalent distorted
configurations (Fig. 5.13(b)) from an equilateral triangle to an isosceles
triangle. If these higher-order terms are strong enough, i.e. E;r > hw, we have
the static Jahn-Teller effect and the twofold electronic degeneracy is con-
verted into a threefold configurational degeneracy. Tunnelling from one of the
singlet orbital electronic configurations to another lifts this threefold degener-
acy into a singlet and a doublet. The singlet-dotblet energy separation is
larger the lower the barrier against tunnelling. If the barrier is large then the
distortion will be ‘frozen-in’ and the symmetry of the F;-centre reduced to C
from C;,. The experimental results (Silsbee 1965; Huges 1966) do not favour
such a static effect: they suggest rather that the barrier is low enough to allow
tunnelling to leave a E vibronic state lowest by at least 30 cm ™. This is the
dynamic Jahn-Teller effect (E;p ~ hw).

To an extent the division into static and dynamic effects is arbitrary since
distortions which are stabilized at low temperature may be averaged out by
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thermally-activated reorientation at high temperature. For example, the ESR
spectrum of Cu?* in silver chloride is anisotropic below 90 K due to a static
effect, whereas between 90 K and room temperature both isotropic and
anisotropic spectra are observed. However, in magnesium oxide the Cu2*
ESR spectrum is isotropic down to 1.6 K due to tunnelling between axes of
distortion.

Ham (1965, 1972) showed that there are consequences of the Jahn-Teller
effect other than the lowering of local symmetry at a defect. For the F;-centre,
in the absence of a Jahn-Teller interaction, there is an off-diagonal matrix
element of orbital angular momentum perpendicular to the plane of the defect
given by

Lo= P4 LAY, ). (592

The Born-Oppenheimer states of the system after the Jahn-Teller distortion,
¥ ,x, and ¥ ,x,, are centred about Q = +a/Mw? and the orbital momentum is

L= 01 |LW202>
=YL 2> xal x>
=<{x1lx2>Lo- (5.93)

Only off-diagonal elements are affected, diagonal elements of the vibrational
overlap factor being unity. Evaluating the overlap integral (y,|x,> between a
Jahn-Teller distorted state and an undistorted state leads to

L=Lyexp(— B Eyp/hw) (5.94)

where f depends upon the particular electronic system, showing that the
angular momentum is reduced by the Ham factor exp(—pf E,r/hw). The
reduction in off-diagonal operators (e.g. orbital Zeeman interaction,
spin—orbit coupling, or uniaxial stress) by the Ham effect reduces the
effectiveness of external perturbations on optical zero-phonon lines more
than on broad bands. This is because the overlap integral {y,(m)|x,(0)) for the
broad band contains large contributions close to p =0 where both y,(0) and
x(m) are large whereas (,(0)]x,(0)> is small because y,(0) is small for
displacements towards p=|a/Mw?|. We have discussed only the case of an
electronic E state coupled to E vibrational modes. In octahedral or tetra-
hedral symmetry orbital triplet states are possible which may couple io
tetragonal distortions (E-modes) or trigonal distortions (T-modes), as dis-
cussed by Sturge (1967) and Ham (1972). Of course, coupling to A modes will
also be present; no special effects then occur because there is no lowering of
symmetry.

5.4.4 Observed bandshapes

It is now appropriate to illustrate the basic theoretical ideas with a few well-
characterized experimental examples. Figure 5.15 shows the luminescence



214 Vibrating Crystalline Environment

@ 11

13

700 600 500

(b)

Il |
560 540
wavelength (nm)

Fic. 5.15. (a) Luminescence spectrum (electronic-vibrational transitions) of O; in
potassium bromide at liquid nitrogen temperatures. The electronic system is strongly
coupled to the molecular vibrational mode in the O; ion at around 1000cm™!
(Rebane 1974). (b) Detail of the n=8 electronic—vibrational transition at liquid helium
temperatures. The sharp electronic—vibrational line is accompanied by a weak
sideband due to the coupling with the potassium bromide vibrational models of the
host lattice (Rebane and Rebane 1975).

spectrum of O?~ in potassium bromide at 77 K (Rebane and Rebane 1975).
Oj; is an interesting spectroscopic species since the optically-active electronic
levels are strongly coupled (S~ 10) to the intramolecular vibrational mode
with energy E~1000cm™!, and weakly coupled (S~1) to the phonon
spectrum of the potassium bromide crystal in which the maximum vibrational
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